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Introduction

Current situations

Actual situation

>
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DB ->to DC

» Cost & Risk
» Volatility in P&L and in contributions.

DB transition generation.

Regulation & Accounting Principles.

Heavy tails on investment returns.

Non linear relationships within investment classes.
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Introduction

Current approaches

Current approaches
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Total Return maximization models.
Asset Liability Management.
Liability Driven Investment.
Immunization.

Most of them consider normality on returns and "short"
time frames.
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Our research

Optimal asset
allocation for DB plans
under a
heavy-tailed-coupled
portfolio

Jonathan Gonzélez
Abraham Hernandez

Our Research: Minimizes the Ruin Probability given UNAMRITALES
a fixed contribution as % of salaries

Considers Heavy Tails. Ou research
Takes into account non-linearity.

Consider group’s demography’s.

Until extinction time frame.

Stochastic modeling.
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Assumptions

Optimal asset
allocation for DB plans
under a
heavy-tailed-coupled

portfolio
H Jonathan Gonzélez
Assumptions Soraham i
» Benefits: Replacement rate=60%.
» Stocks: IPC (Mexican Stock Index)
» Bonds: PIPG-Bonos (Mexican Sovereign Bonds Index)
» Salary growth: Data from the Mexican Social Security Assumptons

Institution.

» Inflation: INPC (Mexican inflation index).
» {gx}: Mexican mortality table EMSSA-2009 with mortality

improvements.
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Restrictions

v

Contributions as % of mass salary-(fixed at time 0).

Constant investment proportions. (No short positions).
Non-continuous rebalancing.

Heavy tailed distributions. (&) postitons
Non-linear relationships. (Copula functions)

Pension paid until group extinction or bankruptcy.
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Model & example results @

Optimal asset
allocation for DB plans
under a
heavy-tailed-coupled
portfolio
Jonathan Gonzélez

Probability space (2, 7, P) Aoraham Hernéndez

UNAM-VITALIS
» P is a probability measure on Q
» F = {Fn}n>o is complete and discrete filtration.
> Fn=o{(sp;, by, sj,m, N;) : 0 < j < n} generated by:
Log-returns of stock price
Log-returns of bonds Mocel
Log-growth of salaries

Log-growth of inflation
Closed group of participants
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Model & example results
Model

Financial and economic variables

The sequence {(spn, bn, Sn, ™n)} = are independent and
identically distributed B

Probability distribution
The probability distribution is modeled by a copula function.

F (Sn, SPn, bm 7Tn) =C (F1 (Sn)7 Fg(S,Dn), F3(bf7)7 F4(7rf7)) (1)
The marginals distributions Fq, F2, F3, F4 are heavy tailed type.

Demographics
N, follows the mortality table {q} independently.
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Simulation

Optimal asset
allocation for DB plans
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heavy-tailed-coupled
portfolio

Fund dynamics Jonathan Gonzzlez

Abraham Hernandez
The Fund is invested in x, proportion at time n in the risky UNARRVITALIS
asset and the rest in bonds;

Fri1 = Fp (X265 + (1 — Xp)€™) + kS, — P,
= Fp (x0€%" + (1 — xa)€™) +
An Fn s "
+kY SheXlis 3" A Ghe= =T
J=1 j=1

The fund receives contributions and it is consumed by the
pensions paid at time n.
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Model & example results

Simulation

Probability of financial ruin

Let T = max(Ty, Ty, ..., Ty) the maximum of the remaining life
of the N participants. We define the probability of financial ruin
with funding level u = Fy/APVFB, and strategy {x,} as:

Fo=u, Xn} 3)

W) =P | int (F) <0
Optimal strategy

The optimal asset allocation {x;} minimizes the probability
over all possible paths {x,} € [0, 1].

0, x3) = inf {u(u, %)} @)

28
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Testing & Fitting @

. . . Optimal asset
Shapiro-Wilk Normality Test alocaton b DB plans
heavy-tailed-coupled

The test rejects of normality assumption by cause of the heavy portiolio
tails in the four indexes. Jonathan Gonzélez

Abraham Hernandez
UNAM-VITALIS

Stocks Bonds Salaries Inflation
p-values 0.002 6e-07 0.005 0.023
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1 I
Correlation

Optimal asset
allocation for DB plans

Correlation measures and p-values undera

heavy-tailed-coupled
portfolio

» A strong relationship can be seen only between bonds and Jonathan Gonzélez

Abraham Hernandez

stocks in three correlation measures. UNAM-VITALIS

» By parsimony stocks and bonds will be modeled
independently from the salaries and inflation.

Index Stocks Bonds Salaries Inflation Stocks Bonds Salaries Inflation
Pearson HO tpxy =0
Stocks 1.00 0.38 -0.003 0.03 - 5e-07 0.97 0.75
Bonds 0.38 1.00 0.05 0.18 5e-07 - 0.49 0.02
Salaries -0.003 0.05 1.00 -0.16 0.97 0.49 - 0.05
Inflation 0.03 0.18 -0.16 1.00 0.75 0.02 0.05 - @ Testing & Fitting
Kendall-tau Hy:7=0
Stocks 1.00 0.22 0.01 0.04 - 3e-05 0.92 0.49
Bonds 0.22 1.00 0.04 0.05 3e-05 - 0.51 0.30
Salaries 0.01 0.04 1.00 -0.05 0.92 0.51 - 0.32
Inflation 0.04 0.05 -0.05 1.00 0.49 0.30 0.32 -
Spearman-rho Hy:p=0
Stocks 1.00 0.32 0.02 0.06 - 4e-05 0.82 0.45
Bonds 0.32 1.00 0.06 0.08 4e-05 - 0.51 0.30
Salaries 0.02 0.06 1.00 -0.09 0.82 0.51 - 0.46
Inflation 0.06 0.08 -0.09 1.00 0.45 0.30 0.46 -
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Distributions

Optimal asset

Student’s-t v.s. Normal marginals (stocks/bonds) allcation for DB plans
The chart indicates non-symmetrical distribution and upper tail | " soriono
dependence. ot ot
UNAM-VITALIS
Student's t marginals Normal marginals
g — © Original data o © © Original data ©

© Simulated data O Simulated data
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Fitted Copula

1AA

Optimal asset

Fitted Model
The copula was selected based on the Bayesian Information e s P
Criterion (BIC). Jonathan Gonzalez
Abraham Hernandez
UNAM-VITALIS

Copula Type BIC

Husler Reiss Extreme value -1,399.0

Galambo Extreme value -1,398.9

Gumbel Extreme value -1,398.7

Tawn Extreme value -1,396.3

Clayton Archimedean -1,395.4

Student’s-t Elliptical -1,395.3 (16) Toing & Fiting

Normal Elliptical -1,394.5

Ali-Mikhail-Hag Archimedean  -1,394.3

Frank Archimedean -1,392.5

The best model based on BIC is an extreme value copula, as
same as the following three models, following by the Elliptical ermatonal Actuar
and Archimedean copulas. 2 O norway
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Fitted Copula

Optimal asset
allocation for DB plans

Copula final model e i o
P
Nested copula with a HR copula for Stocks and Bonds, and an pridat bl
independent copula for Salaries and Inflation respectively: UNANEVITALIS
~ (1 0 F; ~ 11 0 F
exp | —Fio |-+ 2log = || —Fad |-+ 2log (2 ]| | R F.
P 1915 T 5/09 3 2® | 5 T 5109 3 34
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Optimal asset
allocation for DB plans
under a
heavy-tailed-coupled

portfolio
Simulations - Avanan Hormander
Ten thousand simulations for a closed group until extinction UNAM-VITALIS
given:
» Funding level u.
» Fixed strategy {x,}.
» Scenarios
1. Original
2. Under-valuated liabilities
3. Less spread between stocks and bonds. (o) et sy

For the simulations were used the statistical software R-project
with the package 'copula’.
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Sensitivity in the probability of ruin. Proiniatios
UNAM-VITALIS
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19 ) Results & Sensitivity

Percentage invested in stocks Percentage invested in stocks

Left: Original scenario. Right: Shocked scenario.
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Results & Sensitivity

Under valuated liabilities
Sensitivity in the probability of ruin.

Probabilty of ruin

g Optimal asset allocation 8 Optimal asset allocation
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Percentage invested in stocks

Left: Original scenario. Right:

Percentage invested in stocks

Shocked scenario.
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Results & Sensitivity
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Optimal asset
allocation for DB plans

under a
heavy-tailed-coupled
Under-performance on stocks portiolo
agr . m . Jonathan Gonzélez
Sensitivity in the probability of ruin. Abraham Hernandez
UNAM-VITALIS
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Optimal asset
allocation for DB plans
under a
heavy-tailed-coupled
portfolio

Changes in optimal asset allocation Jonathan Gonzdlez
UNAM-VITALIS
» Strategies in a range of 10% are not significantly different.

» Due heavy tails and positive relationships, in financial
crisis affects strongly investment strategies making them
almost equal in terms of probabilities.

» The optimal changes 20% under different scenarios.

» The optimal is high sensitive due to heavy tails and
positive relationships. Resuls & Sensivy

» Mistakes on valuations affects conservative portfolios,
doubling the probability.
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» More equity than expected.
» But not much after certain points.
» Strategies around the optimal very stable.
» Dependent mostly on assumption on risk premium.
» To policymakers: Volatility does not matter much!
@ Conclusions
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In case you have any comments or suggestions please do not UNAM-VITALIS
hesitate to contact me. You can find my contact details below.

Jonathan Gonzalez-Salgado & Abraham Hernandez-Pacheco

Gobernador Rafael Rebollar 47, San Miguel
Chapultepec, Mexico City 11850
jonathan.gonzalez@ciencias.unam.mx-

abe@vitalis.com.mx
Conclusions
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