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Modeling the structural component of lapse rate : Nonlinear
approximation and models aggregationi

Salma Jamalii

"Simple models and a lot of data trump more elaborate models based on less data."
Peter Norvig

Abstract

In Europe, as part of the new regulatory framework Solvency II, insurers have to compute their reserves
in a Best Estimate way. Indeed, reserves have to reflect exactly the risks to which their portfolios are
exposed. In Life Insurance, among theses risks, the one of lapse carries substantial financial issues for
insurers and sparked, de facto, the interest of actuaries. However, it seems delicate to find unanimous
conclusions about the factors that leads to redeem its Life Insurance contract. Although some are
inescapable, each insurer’s data condition its policyholders sensitivity to the lapse risk.

In this paper we present a study which focused on modeling the structural component of the lapse
risk thanks to Non-Life methodologies. Our aim was to highlight, in the case of Individual Savings
contracts, the contributory drivers to the lapse decision. To reach such a purpose, we relied on large and
heterogeneous data and selected appropriate methods, usually used in the Non-Life field, to analyze the
carried information : for missing data imputation, portfolio description and lapse rates analysis. For
the description step, we used Factor Analysis of Mixed Data (FAMD) which detects linear relationships
between heterogeneous factors without altering their nature. Then, we modeled the lapse rate thanks
to regression trees (CART) and neural networks (MLP). These models were aggregated with Bagging
and Boosting methods before being applied to a recent database, as a validation step.
Finally, a synthesis explains, in the context of this paper, the contribution of each analyzed method,

suggesting improvement ways for potential future works and clarifying the limits of the methods used.

Keywords : Portfolio segmentation, Missing Data imputation, Discriminating criteria, Analysis Fac-
tor of Mixed Data, Regression trees, Neural networks, Bagging, Boosting.
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1 Introduction

The outstanding amounts of Life Insurance are not static : emergency cash needs, an evolving fiscal
framework, new products onto the market,... and figures attest to this. In France, for the only month
of April 2016, the Life Insurance net inflow was closed to 2.3 billions of euros.

Figure 1 – Evolution of the Life Insurance net inflow in France January 2014 — February 2016
(Press Conference of the Association Française de l’Assurance 28/01/2016)

In this market, individual contracts have, among others, the following particularity : policyholders
can recover all or part of their initial contract value, eventually reduced by contractual penalties and
eventually increased by a guaranteed rate. Lapse designates this operation.

Factors that lead to redeem its life insurance contract can be environmental (economic as unemploy-
ment or financial as financial returns fluctuations) or endogenous to the contract or to the policyholder
specificities. In the first case, lapses are dynamic, in the second one, structural.

In fact, it is the sum of the dynamic and of the structural lapse that defines the notion of lapse. The
study we present in this paper focuses on the structural component of lapse insofar as dynamic factors
were not available in the analyzed database. However, the methods used do not make a difference on
the nature of the variables and suit structural factors as well as dynamic drivers.

Hereinafter, we highlight 3 issues : the necessity to model lapse rates in a Best Estimate way to fulfill
Solvency II requirements, the use of mathematical methods which can approach heterogenous data so
that we avoid the bias generated from a variables conversion and the added-value given by the use of
nonlinear approximation after testing a one dimensional approach.

The structure of this paper is the following :

- The regulatory context and the academic frame that look into lapses are first introduced ;
- We present then the scope of the study and the main restatements applied to data ;
- Afterwards, data are described using a one dimensional approach : the Factor Analysis of Mixed

Data (FAMD) ;
- The analysis step is then developed. Lapse rates are modeled with regression trees and neural

networks. Models aggregation increase then their sturdiness and strengthen their results relevancy ;
- The selected models are applied to a recent database to measure their reliability and to follow our

policyholders behavior through time ;
- Finally, a synthesis allows us to draw conclusions on the consistency of the methods used and

suggests ways to improve potential future works.
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2 General framework

2.1 The regulatory perspective
The EIOPA Technical Specifications define the lapse risk as "... the risk of loss or adverse change in
liabilities due to a change in the expected exercise rates of policyholder options. The relevant options
are all legal or contractual policy holder rights to fully or partly terminate, surrender, decrease, restrict
or suspend insurance cover or permit the insurance policy to lapse." i.
In Europe, financial issues carried by this phenomenon let the lapse risk be identified as the most
important submodule risk among any other underwriting risk. As part of the European directive
Solvency II, accuracy prevails on caution, especially for the lapse risk. Thus, valuation should be
more realistic than the apocalyptical scenario that consists in considering, at any time, maximum
probabilities for lapse occurrence. To meet this solvency requirement, insurers should harness in an
optimal way the informations contained by their data.

Thus, Regulation defined precise rules to control this risk : EIOPA technical specification (TP.2.64.,
TP.2.95., TP2.96, TP.6.17. or TP.6.47. for instance) and the additional information of the ONC are a
testament to this.

In addition to the amounts lapsed, insurers have to take into account the possibility to not amortize
the incurred acquisition expenses at the underwriting of a Life Insurance contract.

Furthermore, tax system is very influencing on the lapse decision. Indeed, fiscal penalties are applied
to the lapsed amounts according to the contract seniority.

2.2 Academic works
Historically, 4 possible approaches were developed to analyze the lapse risk : the statistical approach
(time series), the economic point of view (Von Neuman & Morgenstern expected utility theorem),
the financial approach (dynamic lapse analysis methods) and the probabilistic analysis (generalized
models, decision trees,...).
Although dynamic and structural lapses have some common features (the riskophilia concept, for
instance), a distinct academic literature was developed for each one. A state of the art is presented in
many actuarial papers [17] [12].

Structural lapse rates are naturally linked to individual data, therefore : confidential ones. Studies and
literature on this kind of lapse are not, consequently, profuse. However, the relatively new studies show
the possible suitable methods for structural lapse rates analysis : logistic regression [17], generalized
linear models [17], survival analysis models [3] [25], Von Neumann & Morgenstern expected utility
theory [9] ,... Lopez, Milhaud and Thérond [16](2015) have recently suggest to combine survival
analysis methods (Inverse Probability of Censoring Weighted) and decision trees (CART) to highlight
the time dependency of data in a lapse study.

Our intention, through this study, was to take advantage of tried and tested methods in the field of
Savings (decision trees) but also to use less common skills (neural networks).

3 Data processing

In this paper, we analyzed a portfolio of Individual Savings contracts. These contracts were redeemed
between 2005 and 2010 and on 2013 (as 2011 and 2012 data could not be tapped).

3.1 Missing data
One of the most common issues when handling with data is how to deal with missing data. First, the
nature of missing data has to be identified. For this purpose, Schafer and Graham [7] established the
following framework :

i. Technical Specification for the Preparatory Phase (Part I). EIOPA April, 30th
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Let Σ a database with 2 variables, X and Y :

Σ = {Σobserved ∪ Σmissing} = {Xobserved ∪Xmissing ∪ Yobserved ∪ Ymissing}

X and Y are, to a certain extent, naturally dependent to each other.

Z is an exogenous variable and R is a function indicating whether data are missing or not. That means
R = 1{data are missing}.

Figure 2 shows the different cases of missing data :

Figure 2 – Missing data cases by Schafer and Graham

X missing data are :

- MCAR (for Missing Completely At Random) when data are missing independently of observed
and non observed data : missing data are due to exogenous elements.
In other words : P (R|Σ) = P (R) ;

- MAR (for Missing At Random) when data are missing because of both X observed data and
exogenous elements.
In other words : P (R|Σ) = P (R|Xobserved) ;

- MNAR (for Missing Not At Random) data are those for which the absence is due to the non
observed data of X and of Y but also to exogenous elements.
In other words, P (R|Σ) = P (R|Σmissing).

Three main methods exist to deal with missing data :

❅ Suppressing each model point which contains missing data :

The Law of Large Numbers gives its legitimacy to this radical solution. In fact, the random draw
of a significant proportion of data contains almost the same information as the whole database.
Nevertheless, this solution could only be practicable if the database is very large and if the model
points concerned (those containing missing data) are not numerous. In the particular case of
insurance, the order of magnitude of outstanding amounts conditions the relevancy of this measure.

❅ Keeping missing data :

Some statistical methods are compatible with missing data. It is typically the case of decision trees.
The surrogate splits principle [10] lets a missing data be ignored when splitting a node. Indeed,
such a data is considered as a non optimal candidate for the split.

❅ Replacing missing data :

This method consists in replacing missing data by values which may convey almost the same
information. Many processes exist but can lead to a loss of accuracy. To appreciate such a bias,
Schafer and Graham [7] recommend to compute the error due to imputation.
Some complex methods imply a satisfactory results in terms of imputation error decrease : multiple
imputation, EMB algorithm (which combine a bootstrap approach and a maximum likelihood
algorithm),...

For this paper, we used missing data imputation methods appropriated to heterogenous data :

- LOCF (Last Observation Carried Forward) consists in replacing each missing data by the last
known value of the variable ;

6



- kNN (k Nearest Neighbors) [19] is based on the distance (Euclidean distance of the distance of
Mahalanobis) between the missing data and the observed ones ;

- MICE (Multiple Imputation by Chained Equations) is also known as the FCS (Fully Conditional
Specification) imputation method [21] [14]. The main assumption of this method is the probability
of missing data of one variable given the state of the other variables of the database.
Let T = (T1, T2, ..., Tn) be a database with n variables. Each variable has missing data.
We take here the case of the (Ti)i∈�1,n� variable

Ti = (Tmissing

i1
, Tmissing

i2
, ..., Tmissing

im
) ∪ (T obs

i1
, T obs

i2
, ..., T obs

il
) avec m+ l = n

We note then T−i = T \ Ti

MICE supposes that the distribution of T depends completely on a vector of unknown parameters
β = (β1, β2, ..., βn).
To have the distribution of β, the algorithm searchs first the posteriori distribution of the βi by
successive iterations : P(Ti | T−i, βi) où i ∈ �1, n�.

At the jth iteration, the algorithm deducts the distributions of the βj

i
and of the T j

i
thanks to the

marginal distributions of the observed data :

βj

i
∼ P(βi | T obs

i
, T j

1 , T
j

2 , ..., T
j

i−1)

We obtain, thus, the ith distribution of T at the jth iteration :

T j

i
∼ P (Ti | T obs

i
, T j

1 , T
j

2 , ..., T
j

i
, βj

i
)

The same reasoning is adopted for the other variables of the dataset.

- Random Forest [8] : a first rudimentary imputation is made with any imputation method. A
group of random forests is then gradually adjusted until a stopping criterion is reached.

We then test the ability of these methods to "guess" the missing data. For this purpose, we first
suppress each row that contains missing data. From the new complete database, we randomly generate
missing data. We apply the methods presented above to the new database. After the imputation of
missing data, we assess the error of imputation by measuring the difference between imputed data
and those suppressed.

The assessment of the imputation error, in the case of :

- Qualitative variables consists in minimizing the Hamming distance :

dH
�
T̂i, T

�
=

�
p

j=1 1{T̂ij �=Tij }
CardTi
100

where T is the n× p data set, Tij the missing categories and T̂ij the imputed ones.

- Numeric variable consists in minimizing the absolute value of the difference between the initial
data and the imputed ones.

Figure 3 shows the results obtained in the case of a numeric variable (policyholders age) and of a
qualitative variable (type of product).
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Figure 3 – Imputation error as function of the proportion of missing data : case of a numeric
and of a categorical variable

Finally, we compute the NRMSE (Normalized Root Mean Squared Error) and the PFC (Proportion
of Falsely Classified entries) for each variable Ti :






NRMSE =
�

N

�
E(Tiinitial

−Tiimputed)
2

V(Tiimputed
)

PFC =
�

Q

1{Tiinitial
−Tiimputed

}
Cardmissing data

where N (respectively Q) represents all the numeric (respectively qualitative) variables.

This study databases have a poor volume of missing data. However, removing these missing data can
stint us from decisive informations. Random forest imputation method minimizes, overall, the error
due to imputation. To optimize its results, we make a first imputation by the kNN method before
applying the random forest one.
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4 Portfolio description

Large databases have this particularity in common : interactions between variables, whatever their
intensity, are undetectable to the human eye. Data analysis can help to identify some of these inter-
actions.

4.1 Factor Analysis of Mixed Data (FAMD)
The Multiple Correspondence Analysis (MCA) and the Principal Component Analysis (PCA) give
an interesting theoretical basis to tackle with heterogenous data but their respective weaknesses,
especially when individuals are numerous or when the number of numeric and categorical variables is
unbalanced, make their application tricky and non robust. The Factor Analysis of Mixed Data (FAMD)
is a technique which applies the reasoning of an MCA to a PCA, combining then their advantages
and reducing their shortcomings.

One of the most important advantages of the FAMD is that whatever the number of a qualitative

variable categories, its weight will be the same as a the one of a numeric variable. In fact,
when a qualitative variable is projected on the subspace generated by the scatterplot of its categories,
its inertia is always equal to one.

The FAMD was realized with an axes rotation in order to reduce the positioning of the variables
toward the principal axis (size effect especially known in PCA). The rotation does not impact the
global inertia.

We describe hereinafter the major lines of the FAMD. Let :

— Σ the whole database ;
— n the number of the database individuals ;
— The space Rn is here provided with the metric D defined as follows : D(i,j) = wi1{i=j} where

wi represents the weight of each individual ;
— X = (Xp)p∈�1;P � the vector of numeric variables ;

— Y = (Yl)l∈�1;L� the vector of categorical variables ;
— Ml the number of the categories of each l qualitative variable.

Categories are, thus, written as : (Yl,ml)(l,ml)∈�1;L�×�1,Ml� ;
— S the number of all the categories :

# {Numeric variables ; Categories of qualitative variables} =
�

L

l=1 Ml + P = S

— The observations linked to each variable are noted :

❅ xj

i
for the ith observation of the jth numeric variable ;

❅ yj
i

for the ith observation de la jth qualitative variable.

— The ¯ symbol above a variable refers to its standard score.

The FAMD uses directly the variables
�
Xp

�
p∈�1,P � and (Yl,m)(l,m)∈�1,L�×�1,Ml�.

Numeric variables are assimilated to unit norm vectors while qualitative variables are represented by
the scatterplots of the Yl,m indicator functions.

These scatterplots have to present the same inertial characteristics as MCA scatterplots : it is only
this way we can reach an analogy between PCA and MCA. For this purpose, the indicator function
of the ml category has to be associated to the coefficient 1√

wml
.

Once the inertia of each qualitative variable scatterplot is projected on a centered variable, we obtain
the square of the correlation ratio between the qualitative variable and the centered variable. It is the

1√
wml

coefficient which enables this result.

Then, let α and β two categories of a same qualitative variable, and fα and fβ their respective
frequencies. The correlation ratio between α and β is :
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C(α,β) = −

�
(fαfβ)

((1− fα)(1− fβ))

Let �u the direction of Rn which maximize the projected inertia of the scatterplot of the numeric
variables and the one of the indicator functions of the qualitative variables categories. The FAMD
consists then to the maximization of :

�

p∈�1,P �
r2(p, �u) +

�

l∈�1,L�
η2(l, �u) =

�

p∈�1,P �
cos2αp,�u +

�

l∈�1,L�
cos2αl,�u

We recognize the geometrical frame of the MCA.

All in all, why using the FAMD?

The starting point is the bijection principle of the MCA complete disjunctive table. To offset the
possible non-reduction of variables (in the case of variables expressed in different units of measure-
ment, for example), the weighting have to take properly into account the frequency of its qualitative
variables categories. Since the FAMD coding integrates the MCA principle weighting, we reach a
balance between analyzing qualitative and quantitative variables.

This descriptive step enables us to identify variables which are not contributory in the global inertia
of the portfolio and to highlight first behavioral trends.

5 Lapse rate analysis

5.1 Classification And Regression Trees (CART)
After the first FAMD one dimensional approach, we need to appreciate the intensity of lapse. For this
purpose, we select an indicator of the lapse manifestation : the lapse rate.
We use nonlinear approximation methods to model it. First, we opt for regression trees.

5.1.1 Sampling

Sampling is a statistical technique which consists in splitting a database in many samples which will
be used for different purposes.
Many sampling approaches exist. The one selected has to be relevant given the purpose of a study. The
representativeness of the different populations of the database is crucial. Its lack can lead to use the
cross-validation method or representativeness learning tests : Student test, Pearson’s Chi-Squared,...

For this study, we had a huge volume of data. We relied on a random draw without replacement. 80%
of the database constitutes a learning sample, 20% a test sample. We choose to validate our model by
implementing it on a recent extension of the initial database. These samples will also be used by the
neuron network model.

5.1.2 Regression trees

A regression tree is a decision tree of which the variable of interest is numeric. Regression trees enable
to make out those criteria which contribute the most to define the variable of interest. The main
advantages of this tool is the ease of their implementation and the readability of their results. Several
kinds of decision trees algorithms exist, the most popular are the CART (Classification and Regression
Trees), the C5.0 and the CHAID (CHi-squared Automatic Interaction Detector) models.

In this paper, we are interested in the case of CART models, popularized by Breiman and al. [15]. We
detailed hereinafter the steps of a CART construction :

The tree detects first the most contributory variables to the interest variable explanation. Classification
rules are then set. These rules define the tree view : every node/end (tree ends are also called leafs) of
the tree is characterized by a group of rules. Individuals are split on the tree ends according to these
rules : an individual can not be assigned to more than a node/leaf.
The tree ramification stops when there are no more than one individual per node or when a stopping
criterion is reached,...

10



Segmentation rules and individuals assignment

Tree segmentation is performed by successive choices of contributory variables to the explanation of
the variable of interest. The number of branches depends on the nature of each explanatory variable.
There are :

- k − 1 branches when the explanatory variable is numeric with k possible values ;
- 2k−1 − 1 branches when the explanatory variable is qualitative with k categories.

The ramification stopping criterion is defined with indicators of the model accuracy. These indicators
appreciate the uniform distribution of classes at the level of each node. In the case of a CART model,
the Gini coefficient is one of these possible indicators :

IGini =
�

i �=j

P (i|t)P (j|t) (5.1)

where P (i|t) represents the proportion of the ith class elements assigned to the tth node.
Gini coefficient measures the impurity of each node : the lower it is, the more pure the node is.

CART algorithm aims to reduce the tree impurity by maximising : Iparent node−(I1stchild node + I2ndchild node).

Individuals are then distributed on the tree branches. This distribution can be carried out by mi-
nimizing misclassification costs which are directly included in Gini coefficient computation (formula
(5.2)) :

IGini =
�

i �=j

Ci(j)P (i|t)P (j|t) (5.2)

where Ci(j) represents the misclassification cost of the ith class into the jth class.

Tree pruning

Tree pruning consists in lightening the tree from the irrelevant leafs for the tree analysis. This operation
is tricky because it have to not deprive the tree of its predictive capacities by deleting too many nodes.
CART models include a pruning process in their algorithm which selects the one of many trees which
reduce the most the learning error rate.

For this study, we opt for the standard deviation rule, established by Breiman and al.(1984), which
consists in reducing the complexity parameter (cp) of the final tree. In our case (Figure 4), the cp
increases when the learning error (rel error) increases and when the nodes number (size of the tree)
decreases.

Figure 4 – Complexity Parameter - Regression tree pruning

The tree retained is composed of 9 segmentations, which correspond to 10 leafs instead of 13 for the
initial tree.
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5.2 Neural Networks
The second nonlinear approximation method analyzed is the one of neural networks. A neural network
is inspired by the complexity of the human cerebral cortex. In the actuarial field, the latest papers
on this topic concern the use of neural network in the Health segment (tariffs adjustments) [1] and in
asset allocation (investment returns forecasts) [20].

5.2.1 Formalism

The formal neuron, also called node, is derived from the biological neuron concept. A neural network is
composed, schematically, by an input layer, an output layer and eventually one or many hidden layers ii.
Each layer contains neurons. Input layer neurons are the explanatory variables of a database. There
are as many neurons in the inputs layer as numeric variables and as qualitative variables categories.

The output layer neurons depends on the type of the network : if the network is predictive, there are
as many neurons in the output layer as target variables (or as categories of the target variables if these
ones are qualitative).

The link between two neurons is called synaptic weight. This weight contains the informations
shared between neurons. As it represents the probability of a response, it can take a value between -1
and 1.

At the level of the input layer, each node is connected to synaptic weights (the wi on Figure 5).
Weights are then linked to the nodes of the following layer via a combination function. This last
one is generally a weighted sum of the nodes values by the synaptic weights they are linked to.

An activation function will, from these sums, assess the activity of each node. Finally, biases, also
called neurons threshold activation (b on Figure 5), can be present at each node. These elements
contribute to the adjustment of the network during the learning step without handling activation
function parameters.

Figure 5 shows a simple neural network with an input layer with 4 entries, an output layer linked to
one interest variable and a hidden layer with 3 neurons. The combination function is noted f while
the activation function is noted g.

Figure 5 – Elementary neural network {4 3 1}

ii. It is the presence of hidden layers that gives a nonlinear dimension to neural network outputs.
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Types of neural networks

Inside a neural network, the information can circulate in two possible ways, defining thus :

- Feed-forward neural networks

In a feed-forward network, the information moves in one way : from the input layer to the output
layer, via the eventual hidden layers. These kinds of networks are also called acyclic network as
they are static (they do not depend on time).

- Recurrent neural networks

Recurrent networks use the response given by a node as an input for the nodes of the next layer.
Such an operation is possible only if the notion of time is taken into account. In this sense, the
neuron output used as an input goes necessarily along with a time delay factor strictly positive.
These networks are dynamic.

Nerrand (1993) [18] demonstrates that it is always possible to put in a canonical form a recurrent
neural network thanks to a feed-forward one where we call on time delay factors. That is to say : the
starting point of a neural network is a feed-forward neural network.

5.2.2 The structure of a neural network

The structure of a neural network depends on :

- The purpose of the network ;
- The number of neurons and of layers of the network ;
- The connections between neurons ;
- The weights adjustments.

a. The network purpose

A neural network can be modeled whether in the context of supervised or unsupervised learning [28].
Supervised learning methods explain one target variable with the other variables of the target variable
database. Unsupervised learning methods have a descriptive purpose. In the following sections, we
introduce the case of the Multilayer-Perceptron (MLP), of the Radial Basis Function (RBF) model
(supervised learning) and the one of the Kohonen map (unsupervised learning).

b. The number of neurons and of layers of the network

Let Σ a database with a target variable Y , XN = (XN1 , ..., XNn) numeric explanatory variables
and XQ = (XQ1 , ..., XQm) qualitatives explanatory variables. Each qualitative variable has (li)i∈�1,m�
categories.
The input layer has n+ l×m nodes. In the same way, the output layer has one neuron if Y is numeric
and j neurons if Y is qualitative with j categories.

The number of neurons can depends on the architecture of the network, on the learning algorithm,...
Several theories exist on the gradual adjustment of this number (Blum (1992) [5], Swingler (1996) [26],
Berry and Linoff (1997) [6],...), the most common one consists in testing many numbers and choosing
the one that minimize the error rate. Barron (1993) [2] demonstrated the following property about the
relation between the neurons number in the hidden layers and the decrease speed of the error rate :

We first define the Root Integrated Squared Error (RISE) as follows :

Let g a continuous function on a finite-dimensional space, ν a probability measure defined on the
closed ball Ba = {x : |x| ≤ a}. Then, for all n ≥ 1, a combination gn(x) of sigmoidal function exist so
that RISE =

�
Ba

(g(x)− gn(x))
2 ν(dx)

Then, let a database with α entries. If we model a neural network with one hidden layer containing
β neurons, then, according to Barron, under some assumptions, the decrease speed of the square root
of RISE will be about 1

α√
β
.
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c. Neurons connections

Neurons do not use the gross information of the database inputs. Neural network inputs are first
weighted via the combination function. The activation function is then applied to the combination
function outputs introducing, then, a nonlinear dimension in the response given by each node.

Combination function

Neural networks usually use one of the two following functions :

- A linear combination between weights and the nodes inputs :

f(wi, Ai, b) =
�

i

wiAi + b

where wi, Ai and b represent, respectively, the weights, the inputs and the bias linked to a given
layer (input layer or a hidden layer). This kind of function is typical of MLP ;

- The Euclidean distance (more rarely the Mahalanobis distance) between the observations of a layer
and the centers of the following layer nodes :

f(wi, Ai, b) = (�Ai− wi�2)2 + b =
�

i

(Ai − wi)
2 + b

This kind of function is typical of RBF.

Combination function is, sometimes, called potential and noted νi = f(wi, Ai, b) We will adopt this
notation henceforth.

Activation Function

Among the most popular activation functions, we find the following ones :
Identity function : g(x) = x

Linear Threshold function : g(x) =






0 si x ≤ xmin

αx+ β si xmin < x < xmax

1 si x ≥ xmax

Sigmoid function : g(x) = 1
1+e−αx

Gaussian function : g(x) = 1√
2πσ

e
−(x−µ)2

2σ2

Although no formal rule exists to impose the choice of a specific activation function, the sigmoid one is
the most commonly used. Indeed, the outputs of such a function are not linear. This function enables,
thus, to adjust the least parameters possible during the learning and the test steps. We say that the
sigmoid function enable a parsimonious approximation.

Neural networks models

We present hereinafter the case of the Multilayer-Perceptron (MLP), of the Radial Basis Function
(RBF) model (supervised learning) and the one of the Kohonen map (unsupervised learning).

a. Multilayer-Perceptron (MLP)

The MLP is a feed-forward neural network which fits into supervised learning methods. Its activation
function is the sigmoid one. One of the latest improvements in the MLP study which aims to accelerate
the learning step is the replacement of the classic sigmoid function by the hyperbolic tangent function :
g(x) = 2α

1+e−βx − α with α = 1, 716 and β = 0, 667.

A MLP is made up of, at least, a hidden layer in addition to the inputs and to the outputs layers.
Each node of each layer is linked to all the nodes of the previous layer but not to the one preceding
this last one (in case of multiple hidden layers).

The interest of this network is that a sum of sigmoids sum can approach any function if

enough smooth.
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b. Radial Basis Function (RBF)

The RBF model is a feed-forward neural network which fits into supervised learning methods. Its
activation function is the gaussian one, with the exception of the outputs layer activation function
which is equal to Identity. In these networks, only one hidden layer exists between the inputs and the
outputs layers.

A noteworthy difference between RBF and MLP concerns the learning and test speed. The learning
(respectively test) speed of RBF (respectively MLP) models are interesting. In a RBF model, the
nodes of the hidden layers are independent from each other. That enables the algorithm to converge
quickly toward an optimal solution. Since these models have only one hidden layer, the generalization
made in the test step takes more time than in a MLP.

c. Kohonen’s Self-Organizing map (SOM)

The Kohonen’s SOM model is a recurrent neural network which fits into unsupervised learning me-
thods, in particular the competitive ones. A network is competitive when all its neurons are in com-
petition to deliver their information. This network makes a topological split of the space by analyzing
the distance between the individuals classes according to a specific criterion. In some maps, there are
no connexion between the outputs layer nodes : neurons are organized in a grid, most of the time
a two dimensional one. At each iteration, the network adjusts its weights in order to minimize the
distance between each individual and his neighborhood.

5.2.3 Learning algorithm

Weights adjustment

To avoid the overlearning phenomenon and to optimize the generalization capacities of the model, we
have to determine learning rules for the model. The learning algorithm formalizes these rules.

The learning algorithm minimizes the cost function which represents the difference between the
observed outputs and those predicted by the model. This function gives an idea on the accuracy and
the quality of the model.

In the case of regression, the cost function is equal to the mean squared error :

C(w) =
�

α

(yα − yw
α
)2 (5.3)

or to, more rarely, the cross entropy :

C(w) = −
�

α

(yαlny
w

α
+ (1− yα)ln(1− yw

α
))

where w is the weights vector, yα(w) are the outputs of the model for the αth neuron and the yα
represent the observed outputs. Outputs are supposed to be gaussian distributed.

We consider the squared cost function in this paper.

A learning algorithm performs according to its cost function. In the space of this function arguments,
the algorithm looks for the direction that minimizes this function. It moves in the way of this direction
and repeat the same operation until reaching a specific stopping criterion. Each algorithm has its own
descent direction.

The case of neural networks is particular. Insofar as a neural network is a nonlinear approximation
model, its cost function is not squared relatively to the network parameters. To minimize the cost
function by drawing in the method of least squares, neural networks uses the gradient concept.

There are several learning algorithms : Levenberg-Marquardt, gradient descent algorithm,... We present
hereinafter one of the most famous : the Backpropagation Algorithm (BA).
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The Backpropagation Algorithm (BA)

A neuron gradient represents the contribution of this neuron to the global error of the model. If we
note E this global error, then the gradient is ∂E

∂wij
.

To rely only on the gradient to appreciate the model error is not sufficient. Indeed, this differential
does not specify the proportion of weights variation.

The backpropagation algorithm developed by Werbos (1974) [29] then by Rumelhart et al. (1986) [22]
computes the cost function gradient value at each iteration. It is based on the fact that the gradient
of the cost function is equal to the sum of the partial cost functions Cα(w) :

∇C(w) =
�

α

∇Cα(w) (5.4)

The partial derivatives are then calculated this way :
�
∂Cα

∂wij

�

α

=

�
∂Cα

∂νi

�

α

�
∂νi
∂wij

�

α

= δα
i
xα

ij

where, for each αth example :

-
�

∂C
α

∂νi

�
= δα

i
represents the gradient of the partial cost function relatively to the potential linked

to the ith neuron.

- ∂νi
∂wij

= xα

ij
represents the value of the partial derivative of the potential relatively to the wij

parameter. It is also the jth input of the ith neuron.

The development of δα
i

differs between the inputs/outputs layer and any hidden layer :
We consider here the sigmoid activation function : yw

α
= 1

(1+e−w)

- For the inputs/outputs layer :

δα
i
=

�
∂Cα

∂νi

�

α

=

�
∂Cα

∂yw
α

�

α

�
∂yw

α

∂νi

�

α

= −2(yα − yw
α
)

�
∂yw

α

∂νi

�

α

= −2(yα − yw
α
)yw

α
(1− yw

α
)

- For a hidden layer, the input of the ith node depends on the k hidden neurons it is linked to :

δα
i
=

�
∂Cα

∂νi

�

α

=
�

k

�
∂Cα

∂νk

�

α

�
∂νk
∂νi

�

α

=
�

k

�
∂Cα

∂νk

�

α

�
∂νk
∂yw

i

�

α

�
∂yw

i

∂νi

�

α

=
�

k

�
∂Cα

∂νk

�

α

wki y
w

i
(1− yw

i
)

= yw
i
(1− yw

i
)
�

k

wkiδ
α

k
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Finally, for any example of the database, we have :

∂C

∂wij

=






2(y − yw)xijyw(1− yw) on an extern layer

yw
i
(1− yw

i
)xij

�
k
wkiδk on an intern layer

In fact, the BA adjusts the network weights according to sign changes of the gradient rather than the
values that weights take.

In other words, if we note wi,j the weight linked to the ith individual of the jth class, then the BA
suggests to consider that weights variations can be written as :

∆wi,j = �
∂E

∂wij

xi,j

where � is the learning rate linked to the model. This parameter controls the gradient moving speed
by limiting the weights variations during the learning step.

Furthermore, it is usual to add, at each iteration t, an inertia term called momentum in order to
reduce the model fluctuations. We not it m :

∆wt−1
ij

= �
∂E

∂wij

xi,j +mwt−1
ij

The BA is, thus, based on :

- A propagation step where the input of each neuron is computed starting from the neurons of the
previous layer, using an appropriate combination and activation functions ;

- A backpropagation step where a recursive calculation of partial gradients of the cost function is
performed. The sum of these partial gradients enable then to obtain the global cost function of the
model.

5.2.4 MLP-BA modeling steps

The MLP-BA implementation of this study is made following these steps [27] :

1. Data processing :

- We apply the logarithm function and standardize numeric variables. The logarithm function
limits the crushing of the average values by potential extreme values ;

- We create binary variables for the qualitative variables (complete disjunctive table) ;

- Discrete variables are transformed by replacing each ith value by
i�

j=0
2−j .

2. Weights initialization : this initialization is made randomly since weights are adjusted during
the learning step by the BA ;

3. The BA is applied to the learning sample. During this step, the algorithm :

- applies the combination and the activation functions to the inputs and the hidden layers ;
- assesses the cost function of the model (Formula 5.4) ;
- back-propagates the global error to compute the individual errors of the model ;
- adjusts the neurons weights starting from the neurons of the output layer to the ones of the

inputs layer ;
- repeats the operation until reaching a stopping criterion (threshold for the partial derivatives

of the error function) or a specific number of iterations ;
- applies the retained model to the test sample to verify its generalization capacities.
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Figure 6 – A neural network with 3 hidden layers with, respectively, 2, 4 and 6 neurons

The graphical output can be presented, as instance, by Figure 6. This figure represents the case of a
neural network, constructed as a MLP-BA, with 3 hidden layers with, respectively, 2, 4 and 6 neurons.
The inputs layer receives 19 variables and the output layer represents one target variable. One bias
(in blue) is linked to each hidden layer and to the output layer.

During the initializing phase, we applied sensitivity tests to some of the network parameters, as we
consider them relevant in the case of a MLP : the activation function, the number of the hidden
neurons, the number of the intermediary layers and the learning rate. To connect the neurons, we
used a nonlinear weighted sum involving also a bias at each intermediary layer.

The following tables show, for each criterion, the learning error, the necessary number of iterations
before model stabilization and the forecast error :

- The 1st test concerns the number of hidden layers (Figure 7 ). We increase it from 1 to 3. For
each hidden layer, the number of neurons is set to 6 : when the network consists of 2 (respectively
3) hidden layers, each one consists of 3 (respectively 2) neurons.

This test highlights the overlearning risk due to the increase of the hidden layers number. The
more important the hidden layers number is, the less important the learning error is because the
model assimilates better and better the data structure. However, that could impact the quality of
forecasts insofar as the network bents to generalized too much.

Figure 7 – MLP sensitivity to the number of hidden layers

- The 2nd test concerns the number of hidden neurons (Figure 8). Starting from one hidden
layer, we increase the number of hidden neurons from 2 to 6, by 2. This test is tricky because there
are many theories on the effect of the hidden neurons number on the generalization capacities of
a neural network. We lean on empirical tests and on the values of learning and forecast errors
to select a number of hidden neurons. We observe that the learning error decreases when the
number of hidden neurons increases, while the forecast error evolves conversely but at a slower
pace. Overlearning is, thus, less sensitive to the variation of hidden neurons number than to the
one of hidden layers number.

- The 3rd test (Figure 7) concerns the choice of the activation function. As mentioned earlier,
sigmoid function outputs are nonlinear. Such a function lets the learning error decreases but, in
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Figure 8 – MLP sensitivity to the number of hidden neurons

particular, reduces the number of iterations before the model stabilization : the time saving is 5
times better than in the case of a linear function.

Figure 9 – MLP sensitivity to the choice of the activation function

- The 4th test (Figure 10) concerns one of the most sensitive parameters of a neural network : the
learning rate. This rate represents the speed with which the model crosses the whole database.
The network takes into account the first learning rate given while initializing the model. The
network crosses the database at this speed. The bigger this rate is, the quicker the model will
explore the data. The network decreases gradually this rate as the iterations come one after another.
Thus, if this rate is very important, the network won’t detect any optimum, if it is too small, the
network can assimilate the first optimum located to a global optimum.

We set it first to 0.9 and decrease it to 0.5 and then to 0.1. In the first case, the network crosses
very quickly the data (iterations number relatively small). In the last case, the trend is reversed.

Figure 10 – MLP sensitivity to the learning rate

The learning step leads us to choose a model with 2 hidden layers with 6 hidden neurons (3 per hidden
layer). The sigmoid function was selected as an activation function and the learning rate was set to
0.25.
The Figure 11 presents the results of the retained model.

Figure 11 – Final adjustment - MLP {3 3}

Conclusion

We have to keep on mind the neural networks drawbacks. However, there are not unsurpassable. Their
hermeticism is manageable by the market tools (R, MatLab, SAS, marketing softwares,...). Their
qualities are numerous. Beyond the fact their adaptation to big and complex data, neural networks
are characterized by two interesting features :
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- Their parsimony. That means that once the model parameters properly initialized, the network
adjusts itself its weights (according to the selected learning algorithm) to reach its purpose (ex-
plaining a target variable or describing the space of data) ;

- The fact they are a universal approximation tool. That means that neural networks are able to
approach, under some conditions, any continuous bounded function [11] [13] .

6 Models aggregation

The quality of a statistical model is linked to its accuracy and to its sturdiness. Increasing the first
one consists in decreasing the bias of the model. Increasing the second one : in decreasing its variance.
Models aggregation allows to strengthen these aspects, especially in the case of sensitive models like
regression trees and neural networks.

The principle of models aggregation consists in rushing the process of learning by changing the learning
sample or by changing the learning parameters in the same sample. Models aggregation aims to pool
models conclusions by making these models converge toward a common solution. We present here
the most popular aggregation methods : bagging, a particular bagging method : random forest, and
boosting.

6.1 Bagging
Bagging is a random process of models aggregation developed by Breiman on 1996 [15]. After a first
classification or regression step, the bagging find the average model which fit the best the variables
of interest. The model selected by the bagging algorithm is not the one with the best performances
among all the constructed models but its performances are better than the average ones.

One of the most important advantages of bagging algorithm is its ability to reduce the variance
of a model. Indeed, the mean of n independent samples with the same variance V , is V

n
. In case

of qualitative variables, the mean is equal to the mean of the response probability of each variable
category. This variance reduction induces the decrease of the forecast error.

In fact, bagging samples are not independent : these are bootstraps samples obtained by random
draws with replacement of n individuals from n.
The error out-of-bag enables, during the execution of the bagging algorithm, the control of these
samples number, even the optimization of it. Actually, the error out-of-bag, which is particularly
sensitive to the bootstrap samples number, varies relatively to the evolution of this number and
stabilizes when the necessary number of samples for bagging is reached.

6.1.1 Random forest

A random forest is an aggregation of decision trees. The specificity of a random forest, comparing to a
classic bagging algorithm, is the additional step of a random draw on the whole explanatory variables.
Many kinds of random forest construction exist. In a random subspace for instance, a random selection
is made on each node in order to pull α variables, in a random select split, the selection is made before
the split nodes step : the best way to separate nodes is chosen from β possible splits at the level of
each node, ...

Furthermore, random forests are interesting for their speed of convergence toward an optimal solution
when the number of explanatory relevant variables is limited [4].

6.2 Boosting
Developed on 1990 by Schapire [24], than by Freund et Shapire on 1996 [23], the Boosting algorithm
is a deterministic (most of the time) and an adaptive process, that is to say : at each iteration, the
model is a an adapted version of the previous one.

As well as bagging, boosting algorithm promises a better prediction quality by aggregating a number
of models. Many elements distinguish it, however, from the bagging. Among them :
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- The use of the whole learning sample instead of bootstrap samples, with the exception of Arcing
boosting (as explained hereinafter) ;

- The adjustment of individuals weights one after another. At each iteration, the boosting algorithm
focuses on the most difficult individuals to classify. It increases their weights without changing
those of the other individuals for whose the adjustment will be made at the next iteration without
varying the weights of those individuals already reprocessed.

- The boosting enables the reduction of the bias of a model. In the case of bagging, the mean of the
sum of the α bootstrapped expected values is equal to the expected value of one model : the bias
in unchanged in the case of bagging.

Many kinds of boosting algorithms exist and depend on the nature of the variable of interest. The
most popular ones are :

- The AdaBoost (Adaptive Boosting : historically, the first boosting model) which enables to model
a binary variable ;

- The Arcing (Adaptively Resample and Combine) represents a random version of boosting where
a random draw with replacement is operated at each iteration, on the whole learning sample. It is
based on probabilities conversely proportional to the adjustment quality of the previous draw.

6.3 In practice

Random forest are mainly function of forest trees number and of the number of variables at each node
of the trees forest. We vary these parameters (Figure 12) and observe the stability of the forest thanks
to the percentage of the variance explained and to the Mean Squared Error (MSE).

Trees number MSE % variance explained

500 4,77% 68,51%
1000 4,84% 68,05%
1500 4,42% 68,18%

Variables number at each node MSE % variance explained

2 4,77% 68,51%
3 4,6% 70,14%
4 4,64% 69,85%

Figure 12 – Random forest - Adjustment of parameters

The forest stability began from the threshold of 300 trees. However, the variation of the variables
number at each node does not affect significantly the MSE and the explained variance. We set it to 3
as it reduces the MSE and maximizes the explained variance.
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Regression trees boosting is sensitive to the forest trees number, to the depth of the forest (i.e. the
number of nodes per segmentation, at each tree of the forest) and to the learning rate. In the case
of a regression, the model computes the Root Mean Squared Error (RMSE) at each iteration. The
algorithm selects then the model which reduces this error.

Figure 13 – Regression trees Boosting - RMSE and R2

The neural networks aggregation requires the definition of the learning algorithm number of iterations,
the network size (that means the number of intermediary layers and the one of hidden neurons) and
the decay. This last one is a controlling factor which penalizes weights (the network synapses) by
forcing them to decrease exponentially to 0. Reducing the overlearning is directly linked to

the decrease of the hidden neurons number and to the increase of the decay.

The least important forecast error is the one of neural networks bagging.

7 Models validation

The selected models have to be traced over time. This follow-up enables to judge the consistency of
the evolution of risk groups behavior and to control the sturdiness of these models.

Implementing the selected models on a recent database leads to consistent results in view of the
portfolio population aging. It also lets us perceive trends reflecting commercial practice.
In the case of a recent database, the least important forecast error is the one of regression trees

boosting.

8 Conclusion

All along this paper, we focused on different statistical methods to model a Lapse law. The structural
component of the lapse was the main topic of this study but the method used are appropriate to
any variable. The calibration of our models have respected theoretical basis but, above all, remained
connected to the purpose of this study : the identification of risk groups reflecting economic reality.
Our conclusions lead to define new Model Points at the Asset and Liability Management Department
of a french insurer. As part of sensitivity tests, these Model Points were shocked to assess the impact
on profitability indicators (such as The Return-on-Equity).

That being said, reservations must be expressed on both the data and the methods used in this study.
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Concerning structural lapses, it is tricky to consider all the parameters concretely involved in the lapse
decision. Some factors were not included in this study, mainly because of lack of informations in our
data : lapse penalties, participation rates, economic assumptions, payments,...
Furthermore, data can not be disconnected from economic environment, even if we focused on the
structural component of lapses in this study, we nevertheless captured an economic influence.
In addition to this, the greatest attention should be given to the case of structural drivers. Insofar as
structural studies are based on individual (non aggregated) data, the volume of data can be quickly
an issue in itself. Big Data techniques have to be implemented in this case.

In fact, a perfect lapse model should include inescapable elements : legal requirements, extreme sce-
narios, involvement of an independent third-party (tied agents and brokers), economic approach of
society needs, adverse selection, economic assumptions, media impact,... and the interaction between
all. We have also to be aware of the permanent renewal in the insurance sector. New products will
be sold and economic needs will evolve. Including uncontrollable factors into a projection horizon of
more than a year is complex but one should keep on mind the risk they carry.

Regarding statistical methods limits, we should remember that nonlinear models are sensitive to local
minima and to overlearning. The management of some parameters (the momentum or the learning
rate for instance) can reduce this risk but not stamp it out. Although theoretical rules exist to ease
their control, empirical tests are more efficient to obtain satisfactory parameters. When calibration
is well made, many nonlinear models lead to non significant forecast errors. In the case of neural
networks for instance, parsimony is precious insofar as after the initialization phase, the network suits
data in a perfect self-sufficiency.

Finally, the study presented in this paper can be enhanced in many ways. The Factor Analysis could
be followed by a hierarchical clustering to perform a first segmentation of explanatory variables. We
could also remain in the theme of neural networks by designing a self-organizing map (Kohonen Map)
as a first part of this paper. It could be interesting to model lapse rates with other learning methods
such as Support Vector Machine (SVM). We could also develop an aggregation algorithm between
bagging and boosting insofar as they gave us error rates relatively similar.

A complete analysis have to combine a macroeconomic approach, a sector-specific dimension and
scientific research. It would be a nonsense to pursue such studies without a step back to understand
their limits regarding reality (regulations, new society needs,...). Topics in this paper will certainly be
thoroughly developed in future works.
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