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Abstract 
 
Risk orientated modelling of claim processes is increasing in importance as the application of 
Solvency II approaches in insurance practice. “Internal models” are of great importance for 
those insurance companies that find their business not adequately modelled by the standard 
model. We have developed a three dimensional (3D) stochastic model for claim reserving [9].  
This model integrates a realistic risk claim occurrence, claim reporting and run-off behaviour 
of a given claim portfolio. The model is therefore especially useful for lines of business with 
long reporting and / or run-off times.  
 
In this paper, we investigate the ability of the Chain Ladder method to forecast the right 
reserves in the framework of the 3D model. We find conditions under which the CL model is 
adequate and others where it fails. We perform Monte Carlo Simulations to apply our results 
to several concrete examples. The theoretical and the numeric results coincide.  
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1. Introduction 
 
The Solvency II framework forces the insurance industry to implement efficient methods of 
risk capital allocation. One of the most important liability positions for P&C insurance 
companies is the claim reserve. It may determine up to 70% of the balance sum. Claim 
reserves are necessary to cover the liabilities arising from insurance contracts written in the 
present and the past. Therefore, besides Solvency II, claim reserving is decisive for regulatory 
and accounting issues as well as for product pricing and reporting. Within Solvency II internal 
models are possible and even favourable, if the risk situation is described in a better way. We 
compare in this paper the performance of an internal stochastic reserving model with one of 
the most popular classical reserving methods, the Chain Ladder (CL).  
The claim reserves are calculated for homogeneous portfolios of insurance contracts via 
actuarial methods. The bases of these classic reserving methods are two dimensional matrices, 
the run-off triangles. They are generated via accumulation of claim data. An overview on 
claim reserving and its classical methods can be found in literature, see for instance [2, 6, 10, 
11, 14]. The idea of using the information on claim occurrence, reporting- and payment-delay 
for reserving methods can be found in the literature for instance in [5, 13]. 
 
We developed a stochastic model (the “3D model”) that takes into account the claim process 
from first principles (see [9]). We did this primarily to have a sound model that gives not only 
estimations of the expectation of the reserves but also their statistic distribution. This meets 
the requirements of Solvency II and modern risk management, where risk measures have to be 
calculated on the basis of distribution functions. This makes risk measures accessible as VaR 
or expected shortfall. 
In this paper we want to analyse for which cases this 3D model is superior to the classical 
Chain Ladder (CL) method for claim reserving. We ask if it is worthwhile to calibrate the 3D 
model. This is more inconvenient than using the CL method. Further we examine, if there are 
systematic deviations in the reserve forecast between the 3D model and the CL method.  
 
This article is organised as follows: In section 2, we give a short summary of the 3D model 
and show the connections to classical actuarial methods, especially the CL. In section 3, we 
find the deviations between the 3D model and the CL method from the conditions on the 
validity of the CL model. In section 4, we validate the theoretical findings of section 3 with 
the help of several, realistic, numerical examples. In section 4, we investigate the expectations 
and compare them with the means of the 3D model. We also generate and evaluate the 
reserves’ distribution function and discuss the results. 
 
 

2. The 3D Model and the connection to the classical 2D models 
 
In this section, we introduce our stochastic 3D model; for details see [9, 7]. Our model 
describes the single claim process on a “microscopic” level: The stochastic process contains 
the claims’ occurrence, reporting and run-off. We perform this parameter controlled process in 
a Monte Carlo simulation, and in this way model a whole claim portfolio on the basis of a 
single claim process. 
The classical reserving methods such as the Chain Ladder or the Bornhuetter - Ferguson [1, 6] 
operate on a cumulated 2D data structure and calculate the expectation of the reserve. This 
means that a complex stochastic process with many degrees of freedom is projected onto a 
two dimensional structure – the run-off matrix. It is expected to receive a convenient forecast 
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of the future in doing so. This is only true under very special assumptions, as we will show in 
section 3. 
 
 

2.1. The 3D Model 
 
The basis of our claim model is the collective model of risk theory. We model the number of 
active claims Nijk which occurred in year i, reported j years after occurrence and still active k 
years after reporting as well as Zijk, the total amount paid for the Nijk claims of occurrence year 
i with reporting delay j years in the kth year after reporting. 
 
The ultimate number of claims in occurrence year i is given by: 
 

�=
j

iji NN 0  

 
It is modelled as Poisson distributed with the (given) parameter iN .  
 

( )ii NPoissonN ∝  
 
The claim numbers obey a multinomial distribution along the years of reporting delays with 
parameters 
 

{ }maxj ,..,2,1j    I∈λ  with � =
j

j 1   λ . 

Imax is the number of occurrence years for which the claim reserve has to be calculated. Jmax  is 
the maximum number of years between occurrence and reporting of the claim. For 
convenience we have chosen Imax = Jmax . This is a suitable assumption if the claim history of 
the company is known over a certain period. Other conventions are possible. 
Therefore the claim numbers for k = 0 are distributed according to: 
 

[ ]axjiij NMultNomN Im210 ,..,,..,,, λλλλ∝  

 
The closure of active claims along the years after reporting is described by the parameters 
 

{ }maxk ,..,2,1k   K∈η  with 10 =η and kk ηη <+1 . 
 

Kmax is the maximum number of years a reported claim needs for the run-off to be completed. 
The fact that an open claim is not closed in year k can be modelled as a survival process 
resulting in a binomial distribution with survival probability kη : 
 

[ ]kijkijk NBiNomN η,1−∝  

 
Therefore the expectation of the active number of claims is: 
 

[ ] kjiijk NNE ηλ ⋅⋅= .                (2.1) 
 
The claim payments are modelled according the collective model of risk theory: 
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with the binomially distributed number of single claim payments ijkν   

 
[ ]ikijkijk pNBiNom ,∝ν  

 
The parameters of this distribution are Nijk , the active number of claims, and pik , the 
probability that those active claims cause payments. The Xijk are the payments for single 
claims. Applying the model to Monte Carlo simulations (section 4.2) we assume them to be 
Gamma distributed with parameters depending on i, j, and k: 
 

[ ]ijkijkijk VarEWX ,Γ∝  

 
This completes the setting of our model. The choice of the distributions for claim numbers 
and payments is, of course, a matter of best fit to the data. We have made the assumptions 
here as characterised above, being not too far from real world claim data, in order to apply the 
model to a concrete simulation example. 
The expectation of the payments in our model is: 
 

[ ] ikijkkjiijk pEWNZE ⋅⋅⋅⋅= ηλ .             (2.2) 
 
 

2.2. The connection between the 2D and the 3D models 
 
In this section, we give a short review of how our 3D model is connected to the classical 2D 
models. For Details we refer to [9].  
As for all classical actuarial models the data matrix with the known data is the basis for the 
forecasting method. The difference is the dimension of the data set. Our model uses number of 
claim data ijkN  and payment data ijkZ  in a three dimensional form. They can be represented in 

a cube (see figure 2), analogously to the 2D data triangle in the classical case. 
All relevant reserves can, of course, be found in this data cube: We visualise all relevant 
relations in figure 2. 
The claims reported so far are found in the run-off triangle: 
 

0ijN  with maxIji ≤+  

 
Imax is given by the known history of claim data. The estimation of the ultimate claim number 
consists of the sum of already reported claims and the incurred but not reported (IBNR) claims 
(see figure 2a). The table of active claims in the present is given by the set (see figure 2b): 
 

{ }maxIkjiN ijk =++  

 
The IBNR reserve can be written as: 
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The number of IBNR claims is given by: 
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The total reserve evaluates as (sum of reserves for known and unknown claims): 
 

{ }
�

>+

+=
max,,

ˆˆˆ
Ijikji

ijkIBNRtotal ZRR . 

 
The visualisation of these reserves can be seen in figure 2 on the right hand side: For the 
IBNR reserve see figure 2d), for the total reserve figure 2c) and d). In both cubes the plain 
separating the known from the unknown numbers is drawn with sketched lines. 
 
By aggregating the components of the Zijk tensor (payments) in the following way the run-off 
triangles used by standard 2D reserving methods can be generated: 
The run-off triangle “payments: occurrence versus run-off year”, well known in the 2D world, 
can be generated from the 3D according to: 
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This triangle is used in the context of standard reserving methods for total reserve 
estimation. 
The 2D run-off triangle “payment: reporting year versus run-off year” can be generated via: 
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This triangle is used in the context of standard reserving methods for reserve estimation of 
the known claims. The difference between this reserve and the total reserve is the IBNR 
Reserve. 
In other words: The kind of the data triangle used as input for a classical 2D method is 
responsible for the kind of estimated reserve: total, IBNR, IBNER. This fact is visualised in 
figure 2: The total reserve (the sum of reported claims’ and IBNR reserves; see left side of 
figure 2) or two separate results for both parts of the total reserves (see right side of figure 2). 
In practice one is often faced with the following problem: Applying both methods to the same 
data set delivers inconsistent results. This is well known and up to now this insufficiency was 
ascribed to properties of the estimators, particularly the bias (see for instance [12]). In the 
following section we give an explanation for this behaviour and show that the problem is the 
projection of a 3D to a 2D space where important information is lost. 
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3. The possibilities and limitations of the CL method 
 
In this section, we investigate which attributes of the 3D model parameters are necessary to 
get the right CL results. After that, we will know what “behaviour” of the 3D single claim 
process is allowed or not allowed for using the CL method. This delivers the connection 
between the claim process and the applicability of the CL method. In the next section we will 
demonstrate the results of this section with the help of three numerical examples.  
It is well known under which conditions the CL method gives the right results in reserve 
estimation [3, 4]. We apply these conditions to our 3D model, especially to the 2D data 
matrices generated as described in section 2.2: 
For the bias free use of the CL method the cumulated Claims S have to meet the following 
condition; X denotes the non cumulated payments: 
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The Chain Ladder factor f may not depend on the vertical dimension (rows) of the data 
matrix. 
This has the following implication for the 3D model: 
The occurrence – run-off matrix for the payments is defined as: 
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The CL method has to be applied on the cumulated payments in the following way: 
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Therefore the CL factor reads: 
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The CL method will give the right estimator in the framework of the 3D model if, and only if, 
the second term of the right side of the above equation is independent of i, the occurrence 
year. This is our result for the forecast of the total reserve. 
 
For the reporting – run-off  year an analogy holds: 
Claims (Payments) 
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xjiji
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Cumulated Claims (Payments) 
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CL factor 
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The CL method will give the right estimator in the framework of the 3D model if, and only if, 
the second term of the right side of the above equation is independent of x, the sum of 
occurrence year i and reporting delay j. This is our result for the forecast of the reported 
claims’ reserve. 
In this general case none of the conditions is met and the CL method will lead to a systematic 
error for both reserves (total and known claims), (see example 3 in section 4). 
 
In the special case that the payments have a multiplicative structure in the three dimensions i, 
j, k, both conditions hold:  

Let the payments be of the form: kjiijkZ γβα= , 

then the CL factor for the occurrence – run-off year reads: 
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and for the reporting – run-off year:  
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In the first case the i-dependence is dropped, in the second case the x-dependence.  
Therefore: in the special case of a multiplicative structure of the claim payments, the CL 
method is appropriate for reserve estimation (see example 1 in section 4). 
Two other special cases can be found, where the CL Method is at least partially successful: 
 

1) Let jkiijkZ µα= , then we find for the occurrence vs. run-off year: 
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the i dependence vanishes in this case, but not the x dependence in the other run-off 
triangle. Therefore the CL method is appropriate only for the estimation of the total 
reserve, not for the known claims’ reserve. 
 

2) Let kijijkZ γµ= , then we find for the reporting vs. run-off year: 
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the x dependence vanishes in this case, but not the i dependence in the other run-off 
triangle. Therefore the CL method is appropriate only for the estimation of the known 
claims’ reserve, not for the total reserve. 

We give an example for this behaviour in our example 2 in section 4. 
 

Therefore, we have shown that it is a matter of structure or symmetry of the claim 
payments if the CL method is an appropriate estimation method for the reserves. 
 
In the following section 4, we will demonstrate our results on a concrete example. We will 
evaluate the expectation values of the 2D data triangles and the resulting reserves for all three 
cases analysed in section 3. Additionally, we will compare these mean values with their 
numerically generated distribution functions. We will use the Monte Carlo simulation method 
for the calculation of the distribution function. 
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4. Numerical Examples 
 
To illustrate our results with a concrete example, we compare the expectation values of the 
reserves for a given claim process with their CL estimates. For the reserves’ distribution 
function we repeat the same analysis. The systematic of our numerical work is depicted in 
figure 3. We will explain it and refer to it throughout the following two subsections.  
In the framework of our 3D model, defined in section 2.1, the claim reserves are modelled 
stochastically. It is assumed that the parameters of the “microscopic” claim process are known 
or can be measured [8]. This is quite a realistic assumption provided the insurance company is 
ready to collect claim data over a relevant time horizon. 
  
 

4.1. Expectation Value 
 
As we pointed out in section 2.1 the expectation values of the two components of the claim 
model, the number of claims and the claim payments are given by: [ ] kjiijk NNE ηλ ⋅⋅=  and 

[ ] ikijkkjiijk pEWNZE ⋅⋅⋅⋅= ηλ . They depend only on the model parameters. 

We use realistic parameters for our three examples of the claim portfolios.  
The parameters for the claim numbers are given in table 1. They are the same for all three 
examples. The expectations of the total claim number for each occurrence year iN are given in 
table 1a). After an increase from 80 to 220 in the first four years it stays at a level of about 200 
claims per year. The parameter jλ  (see tab. 1b) governs the reporting lag of the claims: In the 

occurrence year, 41% of the claims are known, the following year 33% and so on. Eight years 
after occurrence, the last 1% of the claims is reported. The parameters for the closing of the 
claims can be found in table 1c): In the reporting year all claims are open. One year after 
reporting 55% of the claims are open and this drops to 35% after two years. Eight years after 
reporting all claims are closed. Note that the claim numbers have a multiplicative structure in 
any case.  
 
For the first example, we chose a constant value of 1000 for the expectation of a single 
payment and a constant probability of payment 30%. Therefore the expectation of the payment 
Z has a multiplicative structure, too. For this example the Chain Ladder method is expected to 
work quite well. 
For the second example, we let kjEWijk 50300700 ++= .  This means, that the basis value 

for a payment is 700 and it is increased by 300 for every year of reporting delay. A much 
smaller increase of 50 is modelled for every year the claim stays open. This is quite a realistic 
behaviour that can be experienced in many claim portfolios: The claims are more expensive 
the lager the reporting delay is and the longer the claims are open. The probability for a 
payment is left constant as in the first example. In this second example, we expect (according 
to section 3) the CL method to calculate the right total reserve, but to fail for reserve of known 
claims. 
For the third example, we set: ikjEWijk 2050300700 +++=  and ipik 02,02,0 += . 

Therefore, in this example, we model additionally a slight dependence on the occurrence year 
i in the expectation of the single claim payment as well as in the probability of payment. This 
can be sometimes observed in real claim portfolios, for example if there is a trend in 
evaluating or detecting claims. In this third example, it is expected (according to section 3) 
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that the CL method fails in all points. The deviation from the right value will be small because 
the i- dependence of Z is small, too. 
 
Given these model parameters, we can calculate the expectation of all cells in the 3D cubes, 
the claim numbers as well as the claim payments according to equations 2.1 and 2.2. 
Following the equations in section 2.2 we can calculate the expectation for the two run-off 
triangles and by applying the CL method, the total and reporting year reserve. We perform 
these calculations for all three examples and receive the CL estimates of the reserves on the 
basis of the expectation triangles. The results can be found in tables 2 – 7. This procedure is 
shown in the first line of figure 3, systematic of numerical calculation. Tables 2, 4 and 6 show 
the occurrence vs. run-off year tables for all three examples. The upper part (a) is the 
expectation of the payment according to the 3D model. The sum of the blue marked values 
gives the total reserve. The CL method is performed on the basis of a 10 x 10 matrix of 
cumulated payment, the estimates of the 3D model. This is a situation that is often found in 
practice. The run-off data are not known long enough for the total run-off, therefore the “tail” 
(run-off years > 10) has to be estimated with different methods (see [6, 11]) The lower 
triangle of figures 2b), 4b) and 6 b) gives the cumulated payments as a result of the CL 
method. From these, the values of the CL reserve estimates follow. We compare the 
estimation of the 3D model for the “short” table with the expectation of the CL method. The 
vales are given on figures 2, 4 and 6 on the lower right side. As expected, they coincide for the 
first and second example, but not for the third one (see section 3). 
We also calculate the 3D estimates of the reporting year tables for all three examples (tables 3, 
5 and 7). We use the cumulated data as input for the CL method and calculate the CL estimate 
of the reported claim reserve. The resulting values of the reserves are given on the right side 
of figures 3, 5 and 7. The calculated reserve of the known claims is the difference of the total 
reserve and the IBNR reserve. The comparison between the estimates of the 3D model and the 
CL predictions shows coincidence in the first example and deviance in the second and third 
examples. This can be explained through the structure of the claim payments as was pointed 
out in section 3. 
 
Therefore, we find quite realistic scenarios where the chain ladder estimate does not deliver 
the right prediction for the claim reserves. The conditions for those systematic deviations are 
derived in section 3. In our examples, all CL estimates are upward “biased”. Upward bias of 
CL estimates is a well known phenomenon and has been investigated on a 2D basis so far 
[12]. 
 
 

4.2. Monte Carlo (MC) Simulation 
 
In this section we look at the distributions and stochastic properties of the 3D as well as the 
CL estimates. It is important to evaluate the CL induced systematic deviations of the reserve 
in comparison with its model induced volatility.  
We model a set of claims, i.e. a claim portfolio, stochastically, including their projection into 
the future. Every element of the set (i.e. claim) obeys the stochastic process (3D model) of 
section 2.1. The parameters of the process are known from data analysis of claim databases 
containing single claim information. We use Monte Carlo methods for our simulations  and 
generate 1000 scenarios of the claim portfolio, in order to get as a result statistical properties, 
for instance the reserves’ distributions. 
The systematic of our numeric investigation is shown in figure 3: After simulating 1000 
scenarios of the claim portfolios according to the 3D model we can calculate the MC 
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simulated reserves (and their empirical distributions) by adding the relevant cells (see section 
2.2) on the one hand. On the other hand we generate the occurrence year and the reporting 
year triangle from the simulated claim data and calculate the chain ladder estimates for each of 
the 1000 MC claim portfolios. Then we compare the simulated 3D reserves and the CL 
estimates. 
We have chosen the same values of model parameters as in section 4.1. For the single claim 
payment distribution, we have chosen a Log Normal with mean as given in 4.1 and variance 
1.8 times the mean. Overdispersed payment distributions are very often found in third party 
liability claim size distributions. For the MC simulation we used the MATHEMATICA 
package. 
 
In the following, we give the results of the MC simulation: The comparison of the 3D model 
results and the CL estimates. 
First of all, we compare the mean values of the reserves (total and known claims). In table 8 
we see the estimation values and the empirical means of the MC simulation for the reserves of 
all three examples. The values (estimates) of the first and the third row depend only on the 
parameters of the 3D model. They are already known from tables 2 – 7. The values in the 
second and the fourth row are the empirical means of the 1000 realisations of the MC 
simulation. The firs two rows show the reserves according to the 3D model, the second two 
rows show the CL results. It is expected that the values in the first row coincide with that in 
the second and those in the third row with the values in the fourth, because due to the law of 
large numbers the empirical mean should meet the theoretical expectation for a large number 
of MC runs. We find an excellent coincidence with less than 1% deviation. The small 
deviations are due to the finite number (1000) of MC scenarios. The fact that the CL estimates 
deviate from the 3D model predictions in examples 2 and 3 as discussed in section 3 can be 
reproduced by the MC simulations quite well. This can also be seen in table 8. 
We further compare the empirical distributions of the CL estimates and those of the 3D model 
for all three examples. The empirical distributions are generated from the 1000 MC 
realisations. Our results are depicted in figures 4 and 5. In all cases, the CL reserves’ 
distribution is broader than the distribution of the 3D model reserves. This is the case because 
the CL method  adds an error to the model – inherent fluctuation. Our simulation results make 
these two types of errors (stochastic model vs. estimation) clearly visible.  
The deviance between the model and the CL distributions is smaller for the reserves of the 
known claims than for the total reserve. This can be explained by the proportion of payments 
that have to be estimated: For the total reserve, a much higher reserve has to be forecast by a 
relatively small volume of known payments compared to the reserves of the known claims. 
Therefore, the CL estimation of the known claims’ reserve is statistically much more stable 
than that of the total reserves. This is reflected by the widths of the green distributions in 
comparison to the blue ones in figures 4 and 5. In example 1 (see figs. 4 and 5 upper part) 
both distributions’ means fit the theoretically forecast values (red lines). Example 3 (fig. 5 
lower part) shows a shift of both reserves’ distributions to the right in coincidence with the 
results in section 4.1. This means that the CL method produces an overestimation of the 
reserves. The reasons for this behaviour have been explained in section 3. For example 2 (fig. 
4 lower part) we find as expected (see above): The shift exists only for the reserve of known 
claims and not for the total reserve. 
As a further statistical property we examine the correlations between the CL reserves and the 
3D model reserves. The values can be found in table 9. They are all positively correlated. This 
means that the CL estimate tends to forecast a large (small) reserve when the reserve is really 
large (small). This is of course a very welcome property of the CL method, but on the other 
hand the correlation values are quite small – not higher than 10 – 20 %. The correlation values 
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are better for the case, where a statistically more stable estimation is possible, the known 
reserves (compare with the discussion of the width of the distribution above). The correlation 
also tends to be better for the cases where the CL “does a good job” – compare example 1 
with 3. 
 
 

5. Summary and Discussion 
 
This paper discusses the ability and conditions under which the CL method can predict the 
claim reserves of a 3D type stochastic claim model. The 3D model describes a real world 
scenario because it is based on a stochastic single claim process that is aggregate to a claim 
portfolio. The 3D model is orientated on first principles, namely the claim occurrence, 
reporting and run-off [9]. It includes therefore much more specific information about the 
claim process than the accumulated run-off triangles which are the input data of the CL 
method and classical reserving methods.  In this way, the possibilities and limitations of the 
CL method for practical use can be evaluated. 
We derive theoretical conditions under which the CL method should give the right predictions 
for our 3D model (see section 3). This depends on the structure of the claim numbers and 
payments. The CL predictions are unbiased in the case of a multiplicative structure. 
The CL method predicts the right total reserve if the payment is multiplicative in the 
occurrence year dimension (i). It predicts the right reserve of known claims if the payment is 
multiplicative in the “run-off after reporting” time dimension (k). Therefore it is a matter of 
structure or symmetry of the claim payments if the CL method is an appropriate estimation 
method for the reserves or not. These arguments concerning the structure of the claim 
payments are of course also valid for the claim numbers. Therefore CL estimates of claim 
numbers are biased, if the data structure does not have the above described form. This is of 
importance because in practice CL estimates of the ultimate claim numbers are sometimes 
used for IBNR calculation.  
We are able to reproduce these theoretical results with numerical examples. Therefore we 
have shown that there are realistic scenarios where the CL method generates biased reserve 
predictions. While the expectations of the 3D reserves are analytical functions of the model 
parameters, the reserve distribution can be calculated by Monte Carlos simulation techniques.  
We perform these stochastic computations in order to investigate the statistical properties of 
the 3D model reserves in comparison to the CL predictions. We are especially interested in the 
correlation and in the width and shape of the reserves’ distribution. 
In our examples the deviations due to the not appropriate CL method are smaller than the 3D 
reserves’ standard deviation, but of the same order of magnitude. Due to lay-out reasons we 
have chosen a relatively short run-off period of only 10 years. Longer run-off periods will 
increase this deviance. Additionally, it depends very much on the deviance of the claim data 
from the multiplicative structure. This is a further source that will enlarge the deviation effect 
of the CL estimates. Concerning the correlation between the 3D model reserve and the CL 
reserve we find small positive correlation in all cases, which is a very favourable attitude for a 
reserving method, although small in size. 
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