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Introduction Data structure

Data structure

@ Policyholder i is followed over time t = 1,...,T; years, where T; is at
most 9 years.

@ Unit of analysis “it" — a registered vehicle insured i over time ¢ (year)

@ For each "it", could have several claims, k =0,1,...,n;

@ Have available information on: number of claims n;;, amount of claim
Citk, exposure e;; and covariates (explanatory variables)

e covariates often include age, gender, vehicle type, driving history and
so forth

e We will model the pair (n;, ;) where

1 mat
_ — > Citk, Ny >0
Cit = § Thit k=1
0, Nt = 0

is the observed average claim size.
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The frequency-severity model

The frequency-severity model

e Traditional to predict/estimate insurance claims distributions:
Cost of Claims = Frequency x Average Severity

@ The joint density of the number of claims and the average claim size
can be decomposed as

f(N,Clx) F(N|x) x f(C|N,x)
joint = frequency X conditional severity.

@ This natural decomposition allows us to investigate/model each
component separately and it does not preclude us from assuming N
and C are independent.

e For purposes of notation, we will use S = NC to denote the
aggregate claims.
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The frequency-severity model Exponential family

Exponential family

We say Y comes from an exponential dispersion family if its density has
the form

) = exp | 2= ¥(v)

+ c(y; )

where v and v are location and scale parameters, respectively, and 1 (7)
and ¢(y; 7) are known functions.

The following well-known relations hold for these distributions:
@ mean: u = E[Y] — ¢/<7)
o variance: Var(¥) = r//(1) = 7V ()

See Nelder and Wedderburn (1972)
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The frequency-severity model Exponential family

Examples of members of this family

e Normal N(u,0?) with y=p and 7 =02, V(u) =1

e Gamma(a, B) with y = —B/a and 7 = 1/a, V(1) = pi?

o Inverse Gaussian(a, §) with v = —%62/042 and 7 = /a2, V(p) = p?
@ Poisson(p) with y =logpand 7 =1, V(u) =1, V(u) = p

e Binomial(m, p) with v =log[p/(1 —p)] and 7 =1,
Vu) = p(l = p/m)

e Negative Binomial(r, p) with v =log(1 — p) and 7 =1,
Vp) = (1 +p/r)
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The frequency-severity model Exponential family

The link function and linear predictors

@ The linear predictor is a function of the covariates, or predictor
variables.

@ The link function connects the mean of the response to this linear
predictor in the form 1 = g(u).

@ g(u) is called the link function with = E(Y) = linear predictor.

@ The transformed mean follows a linear model as
n=x,8= P+ Bz + -+ BpTip

with p predictor variables (or covariates).

@ You can actually invert = g~ (x,8) = g7 1(n).

UCONN

Jeong/Ahn/Park/Valdez (U. of Connecticut) ASTIN/AFIR Colloquium 2017 21-24 August 2017 7/22



The frequency-severity model Generalized linear mixed models

Generalized linear mixed models

GLMMs extend GLMs by allowing for random, or subject-specific, effects
in the linear predictor which reflects the idea that there is a natural
heterogeneity across subjects. For insurance applications, our subject i is
usually a policyholder observed for a period of T; periods.

Given the vector b with the random effects for each subject 4, Y;; belongs
to the exponential family:

F(yal s B 7) = exp (g”“”(’” i c(yit,ﬂ)

-
with the following conditional relations:

o mean: iy = Eyu|Ri = (vit)

o variance: Var(yy|Ri) = 7" (vit) = 7V (it

Link function: g(uit) = x,8 + 2}, R;
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Compound sum

Compound sum

We can define the compound sum as S;; = Zj-vz“l Citj = N;#Cit to
represent the aggregate claims . Suppressing the subscripts, the
unconditional mean of S can be expressed as

E[S|x] = E[NC|x| = E[NE[C|N,u]|x] = E[Ng;' (X8 + 2'u + ON)|x|
and the unconditional variance as
Var(S|x) = Var(E[NC|N,x])+ E[Var(NC|N,x)]
= Var(NE[C|N,x]|x) + E[N*Var(C|N,x)|x]
= Var(Ngg (X' B8+ 2'u+ 0N)|x)
+E[N?*1V (95 (X' B + 2'u + 6N))|x]

For aggregate claims for calendar year ¢ alone, we can define
M
Si=>_ NuCu,
i=1

where here M is the total policies for each year. UCONN
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Model specifications

Model specifications

We calibrated models with the following specifications:

@ For the count of claims (frequency): negative binomial for our
baseline model

e more suitable than the traditional Poisson model because it can handle
overdispersion and individual unobserved effects

@ For the average severity of claims: Gamma

@ For the random effects for GLMMs: Normal with mean zero and
unknown variances

o different variances for frequency and claim severity

@ The Tweedie model is a special case of the GLM family and it has
mass at zero (avoids modeling frequency and severity separately).
o for some case, its density has no explicit form, but the variance
function has the form V() = u? e.g. compound Poisson Gamma with
l<p<2
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Model specifications Negative binomial for frequency

Negative binomial for frequency

Starting with the frequency component, we have the following model
specification:

N|b ~ indep. NB(ve®,r) with density fn(N|b)

n+r—1 r " yeb "
fn(nfb) = ( n ) (T+V€b> <r+1/eb)

Based on the log-link function, we have v = exp(x’a) where ais a p x 1

where

vector of regression coefficients.

The following relations hold:

E[N‘b] = ex’aer and Var(N]b) _ ex/aer (1 4 exlaer/r) .
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Model specifications Gamma for average severity

Gamma for average severity

For the average severity component, given N > 0, we have the following
model specification:

C|N,u ~ indep. Gamma(ue®, ¢/n) with density fan(eln,u)

where

_ 1 n n/d)in/d)_l nc
fow (@) = 56, 75) (ue%) o <_ue“¢>> '

Additionally, we introduce the number of claims n as a covariate with
coefficient 8. With this specification, the following relations hold:

E[C|N,u] = e¥Xftontu and Var(C|N,u) = 2XPH0n+u) g /.
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Model specifications Properties: mean and variance

Mean and variance of aggregate claims

It is interesting to note that in the case where we have negative binomial
for frequency and gamma for average severity, we find that

B[S|x] = wE [[1 = (ve? /r)(e” = 1] 7| €74/
and the unconditional variance as
Var(S|x) = p2eit2 x (¢>E [I/eb[l — (v /r) (e - 1)]—“1} e
LB 21 1/r)[L = (e fr) (e = 1)) 772 e

+E [Vﬁ’b[l — (vl /r)(e* — 1)]—7“—1} R

£ - e —0re)’)

Note that in the case where b = 0 and u = 0, no random effects and we
get Garrido, et al. (2016). In addition, if 8 = 0, we have the independent
GLM. UCONN
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Preliminary investigation

Goodness-of-fit test for the frequency component
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Preliminary investigation

Q-Q plots of fitting the gamma to average
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Data estimation

Observable policy characteristics used as covariates

Categorical | Description
variables

Proportions

VehType Type of insured vehicle:

Gender Insured’s sex:

Cover Code | Type of insurance cover:

Comprehensive = 1

99.27%
0.47%
0.27%

80.82%
19.18%

78.65%
21.35%

Mean Maximum

Continuous

variables

VehCapa Insured vehicle's capacity in cc
VehAge Age of vehicle in years

Age The policyholder’s issue age
NCD No Claim Discount in %

1587.44 9996.00

6.71 48.00
44.46 99.00
35.67 50.00

M = 50,215 unique policyholders, each observed over 8 years. The
aggregated total number of observations is 162,179; we observe each
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Data estimation

Estimates for frequency

Regression estimates of the negative binomial for frequency

Negative binomial GLM

Negative binomial GLMM

Estimate s.e. p-value Estimate s.e. p-value
(Intercept) -4.3325 0.4071 0.0000 -4.2787 0.4157  0.0000
VTypeCar 0.1902 0.1973  0.3349 0.1903 0.2000 0.3414
VTypeMBike -1.4025 0.4943 0.0045 -1.3771 0.4967 0.0056
log(VehCapa) 0.3312 0.0345 0.0000 0.3322 0.0356  0.0000
VehAge -0.0162 0.0029 0.0000 -0.0149 0.0029  0.0000
SexM 0.1085 0.0217  0.0000 0.1069 0.0223  0.0000
Comp 0.8128 0.0395 0.0000 0.8203 0.0399 0.0000
Age -0.0267 0.0174 0.1264 -0.0317 0.0178 0.0745
Age ? 0.0003 0.0003 0.3669 0.0004 0.0003 0.2736
Age 3 0.0000 0.0000 0.7686 0.0000 0.0000 0.6629
NCD -0.0124 0.0005 0.0000 -0.0117 0.0005 0.0000
o 0.1931 0.4513  0.6518
Loglikelihood -49473.7233 -49422 6414
AlC 98971.4466 98871.2829
BIC 99061.6022 99001.2368
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Data estimation Estimates for average severity

Regression estimates of the gamma for severity

Independent GLM Dependent GLM Dependent GLMM

Estimate s.e. p-value Estimate s.e. p-value Estimate s.e. p-value
(Intercept) 7.4159 0.9852  0.0000 7.6057 0.9772  0.0000 5.9141 0.5052  0.0000
VTypeCar -0.1772 0.4963 0.7211  -0.2935 0.4951  0.5533 0.1240 0.2528 0.6237
VTypeMBike 2.9972 1.3579  0.0273 2.8745 1.3420 0.0322 2.3229 0.6491  0.0003
log(VehCapa) 0.5261 0.0870  0.0000 0.5276 0.0860  0.0000 0.3298 0.0452  0.0000
VehAge -0.0303 0.0074  0.0000  -0.0303 0.0073  0.0000 -0.0129 0.0035  0.0002
SexM -0.0019 0.0537 0.9713  -0.0061 0.0530 0.9091  -0.0193 0.0281 0.4919
Comp 0.0387 0.1002  0.6994 0.0514 0.0989  0.6036 0.1880 0.0453  0.0000
Age -0.1629 0.0423  0.0001  -0.1596 0.0418 0.0001  -0.0456 0.0216  0.0344
Age 2 0.0032 0.0008 0.0001 0.0032 0.0008 0.0001 0.0010 0.0004 0.0164
Age ? 0.0000 0.0000  0.0001 0.0000 0.0000 0.0001 0.0000 0.0000 0.0135
NCD -0.0050 0.0012 0.0000  -0.0052 0.0012  0.0000  -0.0047 0.0005  0.0000
Count -0.1250 0.0446  0.0051 0.0104 0.0232  0.6537
o2 1.0250 0.5000 0.0404
Loglikelihood -138626.1189 -138605.4168 -133760.1180
AIC 277276.2378 277236.8337 267548.2359
BIC 277366.3933 277334.5022 267653.4174
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Data estimation

Tweedie results

Regression estimates based on Tweedie

Tweedie GLM Tweedie GLMM
Estimate s.e. p-value  Estimate s.e. p-value
(Intercept) 3.1566 1.1189 0.0048 3.0962 5.8970 0.5996
VTypeCar 0.3362 0.5332 0.5283 0.3606 1.1259  0.7487
VTypeMBike 1.6437 0.7020 0.0192 1.6759 3.0302 0.5802
log(VehCapa) 0.8405 0.0922  0.0000 0.8464 0.6303 0.1794
VehAge -0.0478 0.0076  0.0000 -0.0478 0.0242 0.0486
SexM 0.1041 0.0589 0.0775 0.1037 0.4205 0.8053
Comp 1.0102 0.1013  0.0000 1.0088 0.2363  0.0000
Age -0.2115 0.0496 0.0000 -0.2120 0.2459 0.3886
Age 2 0.0039 0.0010 0.0001 0.0039 0.0048 0.4137
Age ? 0.0000 0.0000 0.0004 0.0000 0.0000 0.4637
NCD -0.0172 0.0013  0.0000 -0.0172 0.0034 0.0000
o% 1283.0000 89.1794  0.0000
Loglikelihood -172583.9216 -240643.4451
AlIC 345191.8433 481312.8902
BIC 345281.9988 481442.8442
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Data estimation Validation results

Validation measures to compare models

Frequency models

Average severity models

Tweedie models

MSE MAE

Negative binomial GLM 0.33161 0.16997

Negative binomial GLMM 0.33170 0.16942
MSE MAE  MAPE
Independent GLM  8327.977 3451.512 4.09889
Dependent GLM 8325.652 3462.561 4.12698
Dependent GLMM  8303.615 2595.855 2.12260

MSE MAE

Tweedie GLM 2487.862 592.0651
Tweedie GLMM  2487.878 592.2978
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Comparing the Gini index values for the various models

Actual Loss
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Conclusion

Concluding remarks

@ This work presents the results of our exploration of the promise of
using GLMMs to account for dependency between frequency and
severity.

@ This work hopes to extend the literature on this type of dependency:

o H. Jeong (2016) work on "Simple Compound Risk Model with
Dependent Structure”
Garrido, et al. (2016)
Frees and Wang (2006), Frees, et al. (2011)
Czado (2012)
Shi, et al. (2015)
@ Further work may be necessary to measure the financial impact of
using GLMMs versus other models:
o risk classification
e a posteriori prediction and applications in bonus-malus systems
e modified insurance coverage and reinsurance applications
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