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Background & Objectives 

• Correlation coefficient within inter-currency short & 
long rate 
– Construct a realistic model in which observation variables 

have an user defined correlation matrix.  
• Multi-objective optimization problem 

– If the target correlation matrix of observation variables 
covers inter-currency, the interest rate model calibration 
for each currency could not be accomplished 
independently. This yields the multi-objective optimization 
problem. 

• On the Pareto Frontier… 
– How is the behavior of derivative prices? 



The Hull-White two factor model 

• Short rate process 
 

• Forward rate process 

𝑑𝑑𝑑𝑑 𝑡𝑡 = 𝜃𝜃 𝑡𝑡 + 𝑢𝑢 𝑡𝑡 − 𝑎𝑎𝑎𝑎(𝑡𝑡) 𝑑𝑑𝑑𝑑 + 𝜎𝜎1𝑑𝑑𝑊𝑊1, 𝑟𝑟 0 = 𝑟𝑟0, 
𝑑𝑑𝑑𝑑 𝑡𝑡 = −𝑏𝑏𝑏𝑏(𝑡𝑡)𝑑𝑑𝑑𝑑 + 𝜎𝜎2𝑑𝑑𝑊𝑊2, 𝑢𝑢 0 = 0 , 

𝑓𝑓(𝑡𝑡,𝑇𝑇1,𝑇𝑇2) =
log𝑃𝑃 𝑡𝑡,𝑇𝑇1 − log𝑃𝑃(𝑡𝑡,𝑇𝑇2)

𝑇𝑇2 − 𝑇𝑇1
, 

𝑑𝑑𝑑𝑑 𝑡𝑡,𝑇𝑇1,𝑇𝑇2 = ⋯𝑑𝑑𝑑𝑑 +
𝐵𝐵 𝑎𝑎, 𝑡𝑡,𝑇𝑇2 − 𝐵𝐵 𝑎𝑎, 𝑡𝑡,𝑇𝑇1

𝑇𝑇2 − 𝑇𝑇1
𝜎𝜎1𝑑𝑑𝑊𝑊1

+
𝐵𝐵 𝑏𝑏, 𝑡𝑡,𝑇𝑇2 − 𝐵𝐵 𝑏𝑏, 𝑡𝑡,𝑇𝑇1 − 𝐵𝐵 𝑎𝑎, 𝑡𝑡,𝑇𝑇2 + 𝐵𝐵 𝑎𝑎, 𝑡𝑡,𝑇𝑇1

(𝑇𝑇2 − 𝑇𝑇1)(𝑎𝑎 − 𝑏𝑏) 𝜎𝜎2𝑑𝑑𝑊𝑊2 

𝐵𝐵(𝑧𝑧, 𝑡𝑡,𝑇𝑇) ≔
1 − 𝑒𝑒−𝑧𝑧 𝑇𝑇−𝑡𝑡

z  



Constraint Overview 

• Constraint 
Target Model correlation Brownian motion 

= 

𝝆𝝆𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻 

𝑪𝑪𝑪𝑪𝑪𝑪(𝑎𝑎, 𝑏𝑏,𝜎𝜎1,𝜎𝜎2,𝜌𝜌, 𝑎𝑎𝐹𝐹, 𝑏𝑏𝐹𝐹 ,𝜎𝜎1𝐹𝐹 ,𝜎𝜎2𝐹𝐹 ,𝜌𝜌𝐹𝐹 , 𝛾𝛾) 

𝝆𝝆 𝝆𝝆𝑾𝑾 

See Eq. (21), (22), (28)~(31), (37)~(40) 



Empirical Study Assumptions 1 

• Swap rate 
– As of Dec. 2013, EUR and GBP 

• Swaptions 
 Option Term 

Swap Tenor 1 5 7 10 15 20 
1 81.40% 37.88% 29.28% 23.71% 21.44% 22.80% 
5 44.74% 27.89% 25.02% 22.80% 23.07% 23.33% 

10 30.24% 25.01% 23.47% 22.47% 23.20% 23.02% 
15 25.51% 23.59% 23.12% 21.57% 21.51% 20.29% 
20 23.67% 24.01% 22.84% 21.72% 20.20% 18.43% 

Option Term 
Swap Tenor 1 5 7 10 15 20 

1 55.63% 30.20% 23.90% 19.52% 17.76% 18.03% 
5 35.95% 23.12% 19.73% 17.28% 16.52% 16.29% 

10 26.16% 19.94% 17.96% 16.30% 15.44% 15.12% 
15 22.40% 18.79% 17.34% 15.98% 14.88% 14.32% 
20 19.97% 18.08% 16.75% 14.88% 14.21% 13.49% 

Table 1 EUR Swaption Vol 

Table 2 GBP Swaption Vol 



Empirical Study Assumptions 2 

• Correlation Target 
   EUR 1Y EUR 10Y GBP 1Y GBP 10Y GBPEUR 

EUR 1Y 100% 60% 30% 40% 20% 
EUR 10Y 60% 100% 40% 75% 40% 
GBP 1Y 30% 40% 100% 40% 55% 
GBP 10Y 40% 75% 40% 100% 60% 
GBPEUR 20% 40% 55% 60% 100% 



Objective Functions 

• Global Objective Function 
 
Where 
 

𝐾𝐾𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺𝐺 = 𝑝𝑝𝑝𝑝 + (1 − 𝑝𝑝)𝐾𝐾𝐹𝐹 

𝐾𝐾 = ���𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑖𝑖
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 (𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶  1)(𝐴𝐴) − 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑖𝑖

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 (𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶  1)�
2
𝑤𝑤𝑖𝑖

𝑖𝑖

 

𝐾𝐾𝐹𝐹 = ���𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑖𝑖
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 (𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶  2) − 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑖𝑖

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 (𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶  2)�
2
𝑤𝑤𝑖𝑖𝐹𝐹

𝑖𝑖

 



Price Test Instruments 

• Differential Swap (Quanto Swap) 
– Maturity 10 years, notional 1 in EUR, spread 1% 

• Foreign Currency Denominated Single 
Premium Deferred Annuity 
– Domestic currency is EUR, investment currency GBP, 

deferred period 10 years, single premium, MVA margin 
0.45%, expense loading 1.65%, issue age 57, lapse rate 2.5% 
if surrender benefit after MVA > single premium else 1.25%, 
surrender charge 7%, 6%, 5%, 4%, 3%, 2%, 1%, 0%, 
maintenance expense 30,000 per policy 

 



Results 1 

• Calibration Result 
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Each dot is the optimal 
solution for weighted 
sum of 𝐾𝐾 and 𝐾𝐾𝐹𝐹 by 
changing the weight 
value. 



Results 2 

• Differential Swap Result 
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Each plot corresponds 
31 optimal solutions 
given in the prior 
section. The number 
order coincides the 
numbering from left side 
of calibration result. 
-> No specific pattern 
was found. 



Results 3 

• TVFOG of SPDA (foreign currency 
denominated) 

Each plot corresponds 
31 optimal solutions 
given in the prior 
section. The number 
order coincides the 
numbering from left side 
of calibration result. 
-> No specific pattern 
was found. 
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Key Findings in the Study 

• Constraints Effect on the Calibration 
– Hypothesis: It is important to see the number of effective 

dimensions which is the dimensions of feasible region after 
subtracting the effect of constraints for considering 
sufficiency of the feasible region, and the constraints do 
not limit too strongly the region if appropriate number of 
effective dimensions remains. 

• Derivative Fluctuation in the Pareto Frontier 
– Hypothesis: Given the small range of Pareto frontier, the 

model price fluctuation of interest rate derivatives shows 
no specific pattern, and the price gap is not significant. 

• Computational Error in Stochastic Integral 
– It might be more accurate using the covariance of 

discretization the two variables when calculating the 
covariance of those instead of using the integral of the 
instantaneous covariance. 



Thank you! 
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