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BINARY EVENTS LOADING FOR SOLVENCY II
TECHNICAL PROVISIONS: PRACTICAL
APPROXIMATIONS

YURIY KRVAVYCH

Under the Solvency II Directive insurers are required to allow for all pos-
sible events when setting their technical provisions, including those that
may not have been historically realised before. Such events not presented
in a set of observable historical loss data are often called Binary Events.
Here, the term ‘Binary’ is traditionally used to define loss-generating events
with low frequency and high severity impact, whereas an alternative name,
Events Not In Data (ENID), may also be used to denote a much broader
set of unobservable loss events. In its Technical Provisions Guidance is-
sued in March 2011, whilst suggesting several approaches to allowing for
Binary Events, Lloyd’s encourages actuarial functions to use one specific
approach that offers uplifting reserve best estimates to allow for a limited
range of historical (observable) data. This approach is called the Truncated
Statistical Distribution approach. Although the Lloyd’s guidance does not
provide any explicit analytical formulae for calculating the uplift factor, it
seems the industry is in favour of two particular analytical approximations
of the load of reserve best estimate, assuming log-normality of the true
distribution of reserves. This paper examines the quality of the two Lloyd’s
approximations of Binary Events loading for technical provisions, and also
presents a distribution-free approach to estimating ENID load for reserve
mean and variability using the following key determinants of reserve risk
profile:

« the level of variability measured by Coefficient of Variation (CoV);
and

« the degree of Skewness per unit of CoV.
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1 INTRODUCTION

Under the Solvency II Directive' insurers are required to allow for all possible
events when setting their technical provisions, including those that may not have
been historically realised before. Such events not presented in a set of observable
historical loss data are often called Binary events. Here, the term ‘Binary’ is
traditionally used to define loss generating events with low frequency and high
severity impact. An alternative name, Events Not In Data (ENID), may also be
used to denote a much broader set of unobservable loss events (e.g. see GIRO-
2013 [5]). In its Technical Provisions Guidance issued in March 2011 (LLOYD’S
[8]) whilst suggesting several approaches to allowing for Binary events, Lloyd’s
encourages actuarial functions to use one specific approach that offers uplifting
reserve best estimates to allow for a limited range of historical (observable) data.
This approach is also called the Truncated Statistical Distribution approach, and
defines the uplift factor of reserve best estimate as:

“the ratio of the ‘true mean’ to the ‘mean only including realistically foreseeable

> »

events
using the following (subjective) assumptions

o the actuarial function can only observe loss events with a return period of
up to Y years - in the Lloyd’s guidance such events are called ‘realistically
foreseeable events’;

« the true reserve distribution from which reserve values based on all ob-
servable and unobservable events are drawn has a certain parametric
form F. Therefore, the reserve values based on the realistically foreseeable
events are drawn from the truncated reserve distribution, or the distribu-
tion of conditional random reserve values given they are below a certain
p-quantile defined by F~!(p), where p =1-1/Y; and that

« the mean and variability of reserve based on the loss data only including
realistically foreseeable events are available to the actuarial function.

Although the Lloyd’s guidance does not provide any explicit analytical formulae
for calculating the uplift factor, it seems the industry is in favour of the following
two analytical approximations of the load of reserve mean, Mean_Load, assum-
ing log-normality of the true reserve distribution (here Mean_Load is simply
uplift factor minus 1):

Lloyd’s Formula 1: P -1 (1)
@ (@*1(p) —/In(CoVy* + 1))
1
Lloyd’s Formula 2: -1 (2)
) (@—1(1)) —y/In(CoVy* + 1))

where CoVy, is the coefficient of variation of the reserve based on the truncated
set of loss data representing realistically foreseeable events with the return period
ofupto Y =1/(1- p) years; @ is the standard normal cumulative distribution
function.

Both formulae, whilst having similar analytical structure, could produce a
noticeably different result, as their corresponding uplift factor (or equivalently
Mean_Load plus 1) differs by factor p. This implies that, since both formulae are
analytical approximations, at least one of them will be a crude approximation.

1 See Solvency II Directive Article 77 (2) and also corresponding Groupe Consaltatif explanatory text
(cf. Sandstrom [12]).



The purpose of this paper is to examine the quality of the two approximations
(1) and (2) by comparing them to the exact (true) value of Mean_Load, and also
provide analogous approximation of Mean_Load in a distribution-free setting
assuming general (non-normal) characteristics of the reserve risk profile.

The structure of this paper is as follows. In section 2, the two Lloyd’s approxi-
mations (1) and (2) are analytically derived from first principles. Here, the quality
of the two approximations was analysed by comparing them to the exact (true)
value of Mean_Load under the assumption of log-normality of reserve risk pro-
file, and it was shown that (1) generally provides a much better approximation
than its alternative (2). This section also provides some ideas of how the approxi-
mation (1) may be implemented in practice. In section 3, we focus on providing
a practical approximation of ENID load for reserve mean, Mean_Load, in a
distribution-free setting assuming general (non-normal) characteristics of the
reserve risk profile. This section makes the following key assumptions used in
the derivation of the ENID load approximation for reserve mean:

1. the shape of reserve distribution is completely defined (driven) by a single
shape parameter;

2. for the centralised and normalised value of reserve its

a) distribution is approximated by the Fleishman quadratic polynomial
of a standard normal variable (see Fleishman [4]); and

b) p-quantile is approximated using the Cornish-Fisher approximation
of second order (see Fisher and Cornish [3]).

The assumption 1. allows to define any higher-order statistic, like skewness,
kurtosis and other relative moments of higher order, as a function of unknown
true value of CoV. The assumptions 2.a) and 2.b) use CoV and skewness only to
explain the shape of the reserve risk profile once scaled by its mean. Altogether,
this allows us to express the ENID load for reserve mean as a function of un-
known true value of CoV. The unknown true value of CoV is ultimately solved
for a given level of observed CoV, and further used to calculate the ENID load
approximation. The obtained approximation results are tabulated by CoVy,, p
and the level of skewness per unit of CoV. Finally, brief conclusions are given in
section 4.

2 DEMYSTIFYING LLOYD’S APPROXIMATIONS
2.1 Derivation of approximations (1) and (2) from first principles

We denote the reserve value based on all observable and non-observable loss
events by random variable X that is log-normally distributed with unknown
parameters y and o, i.e. X ~ LN (y, 0*) and the cumulative distribution func-
tion of X is Fx(x) = @ (IMT_”) Here, it would be reasonable to assume that
the actuarial function can observe loss events with a return period of at least 20
years, or equivalently 0.95 < p < 1. The k-th non-central moment” of X is then
equal to:

m(k) _ E[Xk] _ e,uk-%—%ozkz. ()

The reserve value based on realistically foreseeable (observable) loss events
represent the subset of X, and is denoted by conditional random variable X, =

The k-th non-central moment of LA/ (y, 0%) is the Moment Generating Function of N'(y, 0%) at
point k, i.e. mng(y,g) (k) =E [ek*N(/"oz)] =E [eN(k“’kz‘Tz)].
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{X|X < b}, where b = F{'(p). The k-th non-central moment of X, is the k-th
truncated non-central moment of X which is equal to:

m*) = E[x*

tr obs

] = E[xMx<b]
In b—
(k)(D(T“ - ka)
To(mE)
m(k)cb(qu(p)—ka)
p

The formula (4) of k-th truncated non-central moment of a log-normally dis-
tributed random variable is well covered in the research literature and can, for
example, be found in Kotz et al. [7] (see p. 241 therein). The detailed derivation
of (4) is provided in Appendix A.

(4)

= m

The mean mﬁ) and variability CoV, of reserve X, derived by the actuarial
function using the set of observable loss events are then calculated as follows:

m® = E[X|X<b]
O (! -
e (7'(p) - 0)
p
= mWxa, (5)

o(o7'(p)-o
p

where « = ) (0,1) for p € [0.95,1), and tends to 1 as p goes to 1;

and

) M)
covr - M)
(m) (m)
(& @) (m®)" e” @ (@7 (p) ~20) /p »
(m(l))2 a?
, @ (07 (p) -20)

= eU T _1. (6)

It follows from (5) that Mean_Load = L — 1, and to find the exact value of
unknown « one would need to solve the system of equations (5) and (6) by
extracting o(a) = ®7!(p) - @' (p a) from (5), ploughing it into equation (6)
and solving it for « numerically.

Alternatively, the right hand side of (6) can be approximated by e” —1for P
values close to 1, as

o a(p) — 1, when p - I;and

. o(07'(p)-20)

o — 1, when p » 1.

Formally, it can be shown using the Asymptotic Analysis that

@ (07'(p) - 20)

pa?

where 0 < §(p) =1- w and such that 36, € (0,1) for which V0 €
(0,60): 8(p) =0 ((1- p)g). Here, the symbol o indicates a little-o function®.

=1-4(p),

A real function f is called a little-o function of another real function g when x — xo, if lim £ gg =0,
X=X

or in other words f tends to 0 faster than g. We denote f(x) = 0(g(x)), (x = xo). For formal
definition of little-o functions please refer to de Bruijn [2].



From here we get the estimate ¢ = /In (Cthr2 + 1), and use it further to
approximate Mean_Load
1

7_1’
o

Mean_Load

P
®(0(p) - 5)

4
@ (0-1(p) - \/in (Cov* 1) -

Further approximation is then obtained from Mean_Load by assuming p ~ 1,
in which case we have a crude approximation

1
® (cD—l(p) -y/In(CoV,* +1)) o

2.2 Quality of Lloyd’s approximations

>

Mean_Load =

It follows from above that the first Lloyd’s formula (1) represents a fine approxima-
tion of Mean_Load, whereas the second formula (2) is a crude approximation.
The quality of those two approximations obviously depends on the value of
observed variability of reserve, CoVy,, and the probability truncation point p -
i.e., the smaller the value of CoVy, and the closer the value of p to 1, the closer
approximation is to the true value of Mean_Load. This is shown in Figure 1.
The dynamic visualisation of the functional relationship between Mean_Load
and p assuming varying value of CoVy, is presented in Figure 2 in the form of
animated graph.

Figure 1: The quality of Lloyd’s approximation formulae under different values of
COVU—.

CoVy =10 CoVy =20

—— Exact calculation ——  Lloyds Formula 1 (Fine Approximation’) —— Exact calculation ——  Lloyds Formula 1 (Fine Approximatior)
—— Lloyds Formula 2 (Crude Approximation) ~—— Lloyds Formula 2 (Crude Approximation)

CoVy =30 CoVy =40

—— Exact calculation ——  Lloyds Formula 1 (Fine Approximation’) —— Exact calculation ——  Lloyds Formula 1 (Fine Approximatior)

—— Lloyds Formula 2 (Crude Approximation) —— Lloyds Formula 2 (Crude Approximation)



Figure 2: Animated graph of functional relationship between Mean_Load and p
under varying value of CoV,. Please use the control buttons to play the
animation.
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2.3 Practical implementation of Lloyd’s approximation (1)

In an ideal world one could use a numerical solver (e.g. using VB, Matlab, R
or Mathematica) to compute the exact value of Mean_Load for a given pair of
values (p, CoVy,). In reality, for a reserving actuary with limited ability to use
software for numerical computations, it might be more practical to implement
the Lloyd’s formula (1) in MS Excel with the help of additional correction factors
k that would bring the approximation infinitesimally close to the true exact value.
The implemented value of Mean_Load is then calculated as

Mean_Load = k x Mean_Load.

The Table 1 below presents a grid of pre-computed correction factors defined as
the ratio of exact value to approximated value of Mean_Load calculated using
formula (1).

Table 1: Correction factors for the Lloyd’s formula (1).

p=095  p=0955 p=096 p=0965 p=097 p=0975 p=098 p=098  p=0.99

CoVyp =

5% 1127 1118 1.109 1.099 1.088 1.077 1.066 1.053 1.039
10% 1146 1135 1125 1113 1102 1.089 1.076 1.062 1.046
15% 1.166 1155 1.142 1130 1117 1.103 1.088 1.072 1.054
20% 1.189 1176 1163 1.149 1.134 1118 1.102 1.084 1.063
25% 1.215 1.200 1.185 1169 1153 1136 117 1.097 1.074
30% 1.243 1.227 1.210 1.193 1174 1.155 1.134 L1111 1.085
35% 1.275 1.257 1.238 1.218 1.198 1.176 1152 1127 1.098
40% 1.309 1.289 1.268 1.246 1.223 1199 1173 1.145 1112
45% 1.348 1.325 1.301 1.277 1.252 1.225 1.196 1164 1.128
50% 1.389 1.364 1.338 1311 1.282 1.252 1.220 1185 1.145

Here, for example, for a particular reserve class with the historical data includ-
ing observable loss events with the return period of up to 50 years, i.e. p = 0.98,
and the estimated reserve variability CoVy, = 18.5%, the corresponding cor-
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rection coeflicient is determined to be 1.102 (highlighted in grey) via using an
interpolated grid search.

Although the Solvency II Directive does not require uplifting the variability
assumption when allowing for the events not in data, one could take a step
further and calculate the CoV load using the following algorithm:

~ 1
1) A= ———;
) 1+Mean_Load’

2) T=0(&) =07 (p) - O (p&);

3) 6(7\72 = e -1

4) calculate the reserve CoV load: CoV_Load = gf -

The graph below provides the reserve CoV load as a function of p under different
values of CoVy;.

0.15]

CoV_Load
o
s
o

0.00 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1
0.95 0.96 0.97 0.98 0.99

p

—— CoVy == 10% —— CoVy == 20%

— CoVy =30% CoVy == 40%

3 ENID LOAD APPROXIMATIONS IN A DISTRIBUTION-FREE SETTING

The Lloyd’s approximation formulae in section 2 were derived under the assump-
tion that the true distribution of reserve is a Log-Normal distribution LN (y, 0%).
There, the ENID load for reserve mean is defined by the distribution’s shape
parameter ¢ and the probability truncation point p, and is invariant with respect
to the distribution’s scale parameter y. This is mainly because of the special
features of Log-Normal distribution. In particular, it is the kind of distribution
for which its scale and shape parameters are clearly separated, implying that the
shape of the distribution, that is in general driven by skewness, kurtosis and
other relative moments of higher order*, is defined only by the distribution’s
shape parameter.

In the case of Log-Normal distribution, its level of variability CoV and its
shape parameter o are directly related to each other:

Covi=e” - 1,

and hence its skewness and all other relative moments of higher order are purely
defined by CoV. In particular, the skewness of Log-Normal distribution is
characterised by so called Skewness-to-CoV (SC) ratio, which, being SC = e’ +
2 = CoV? + 3, falls into the range of (3,4) for realistic values of CoV < 100%.

As per asymptotic expansion of an analytical CDF using the Cornish-Fisher expansion series (see
Fisher and Cornish [3]).



Whilst being a commonly used distribution in insurance, the Log-Normal
distribution is still not suitable for modelling the whole range of practically
feasible reserve risk profiles, and specifically those with relatively lower or higher
skewness, i.e. when respectively SC < 3 or SC > 4.

This section focuses on providing a distribution-free approach to estimating
ENID load for reserve mean and variability. The proposed approach utilises the
idea of estimating reserve risk profile, once normalised by its mean (location),
by the level of its variability, CoV, and its skewness which is assumed to be at
a constant level of SC once measured per unit of CoV. The structure of this
section is as follows. In subsection 3.1, we define the range of practically feasible
reserve risk profiles. Here, reserve risk profiles are characterised by the type
of business or reserving class, e.g. personal vs. commercial insurance, short
vs. long tail, duration and convexity of reserve claims payments, etc. This
characterisation in turn implies the differentiation of reserve distributions by the
level of variability, CoV, and the level of skewness per unit of CoV; i.e. SC ratio.
In subsection 3.2, we develope a distribution-free approach to estimating ENID
load for reserve mean and variability. This utilises the following two known
distribution approximations - the Fleishman approximation and the Cornish-
Fisher approximation. Both are used to approximate the reserve distribution
using its CoV and skewness only. The obtained approximations are derived using
both analytical transformations and numerical calculations, and tabulated for
different levels of CoVy,, probability truncation point p and SC ratio.

3.1 Reserve risk profile: differentiation by type of business class

In practice, non-life reserving actuaries often use Coefficient of Variation (CoV)
as the measure of riskiness of modelled reserves. For example, personal lines
like motor and home are short tail business lines and exhibit relatively lower
CoV when compared to long tail classes like commercial liability. However, CoV
alone cannot explain all the characteristics of the reserve risk profile, and thus
higher moments of reserve distribution like skewness and kurtosis would be
required to properly capture a) the degree of asymmetry of odds towards adverse
reserve realisations, and b) heavy-tailedness of the reserve distribution.

In general, the parametric distributions commonly used in insurance for
reserving and loss modelling are of a special type:

o they are often defined by two parameters - the scale parameter and the
shape parameter; and

o their shape is totally driven by a single parameter - their shape parameter.

Equivalently, those two-parameter distributions are such, that when scaled by
their mean (location), would have a unique fixed location (unit mean) and
variable shape dependent on the shape parameter only, i.e. the distribution of
the following random variable Y is a single-parameter distribution and its shape
is defined by the shape parameter of X:

1 ~
Y=—X=1+CoVyx-X, 7)
mx

where X = % and mx and CoVx are the mean and CoV of X respectively.

In this paper, we focus only on the class of two-parameter distributions with
single shape parameter and denote it by SSP. Examples of two-parameter distri-
butions of SSP type include’ Gamma, Inverse-Gaussian (Wild), Log-Normal,
Dagum, Suzuki, Exponentiated-Exponential (Verhulst), Inverse-Gamma (Vinci),

Birnbaum-Saunders, Exponentiated-Fréchet and Log-Logistic. It should be

5 Please refer to Kleiber and Kotz [6], Nadarajah and Kotz [11], Nadarajah [10], Marshall and Olkin
[9] and Wolfram Documentation Center [14].
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noted, that not all two-parameter distributions are of SSP type, and imme-
diate example of that would be the Log-Gamma distribution each of the two
parameters of which would drive both the location/scale and the shape of the
distribution at the same time.

As was illustrated above in (7), for any distribution of SSP type its shape in
general and its CoV in particular are defined by the distribution’s shape parameter
only. Also, it is known fact from the Distribution Analysis of the Probability
Theory that any analytical cumulative distribution function can be expanded
using the Cornish-Fisher expansion (cf. Fisher and Cornish [3]), which utilises
the distribution’s skewness, kurtosis® and other relative moments of higher order
to fully explain its shape. In the case of random variable X, the shape of its
distribution is completely explained by the skewness, kurtosis and other relative
moments of higher order of X. This implies that all relative moments of third
order and higher of any distribution of SSP type are completely defined by its
shape parameter.

Therefore, the distinctive features of the distributions of SSP type are:

o their shape parameter is a function of CoV;
o their any higher-order statistic is fully determined by the shape parameter
and hence is a function of CoV, and in particular

- relative skewness measured by Skewness-to-CoV (SC) ratio is a
function of CoV;

- relative kurtosis measured by Kurtosis-to-CoV? (KCsq) ratio is a
function of CoV?;

o if the SSP distribution belongs to a certain parametric family (e.g. Log-
Normal, Gamma or any other parametric family from SSP) then scaling
it by its mean preserves the parametric family it belongs to and its shape
parameter, i.e. if X ~ F, , with mean my and standard deviation sy, scale
parameter u and shape parameter v, then Y = miX ~ Fy, with mean 1
and standard deviation CoVy, and the scale parameter % is a function of
shape parameter v.

The latter feature also implies that
Fu,v(x):FTi,v( x ) (8)
mx

The SSP distributions can be split into three main categories:

o Moderately skewed distributions (1.5 < SC < 3)
- Gamma;

- Inverse-Gaussian (Wald);

« Significantly skewed distributions (3 < SC < 4)
- Log-Normal,
- Suzuki;
- Exponentiated-Exponential (Verhulst);
- Dagum;

 Extremely skewed distributions (4 < SC < 5.5)
- Inverse-Gamma (Vinci);

- Birnbaum-Saunders;

6 Here, kurtosis is regarded as excess-kurtosis and thus is defined via the fourth- and second-order
cumulants of the reserve distribution.
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- Log-Logistic;
- Exponentiated-Fréchet.

Assumption 1. This paper considers the following four parametric distributions
of SSP type that in total cover a wide enough range of practically feasible reserve
risk profiles, i.e. for 1.5 < SC < 5.5:

o Gamma;

o Inverse-Gaussian (Wald);
o Log-Normal; and

o Inverse-Gamma (Vinci),

and assumes that any reserve risk profile with SC = kg x CoV for a given level of
CoV (kg is a positive multiplier) could be associated with the closest distribution
curve out of the four parametric distributions considered. We denote the set of
the four proposed parametric distributions by SSP’ ¢ SSP. This is the key
assumption of reserve risk profile characterisation that is further used in the
derivation of ENID load approximation formulae in subsection 3.2.

We further use the SSP’ set of parametric distributions to illustrate how
reserve risk profiles could be differentiated by type of business/reserving class.
This is presented in Table 2.

Table 2: Differentiation of reserve risk profile by type of reserve class.

Type of reserving class

Duration ~ CoVrange  Skewness (SC ratio) Parametric distribution(s) | Example of reserving class

Short tail 10%-12% 19to2.1 Gamma Motor (ex Bodily Injury)

Short tail 12%-16% 2.0to 3.0 Gamma, Inverse-Gaussian (Wald) Home

Short tail 10%-16% 29to3.1 Inverse-Gaussian (Wald), Log-Normal Comm Property/Fire, Comm Accident
Long tail 12%-25% 3.0t03.5 Log-Normal Motor Bodily Injury, Marine

Long tail 18%-50% 3.0 to 4.0 Log-Normal, Inverse-Gamma (Vinci) Workers Comp, Prof Liab, Comm Liab
Long tail 25%-70% >4 Inverse-Gamma (Vinci) Asbestos and other long tail books

The characteristics of the four proposed parametric distributions in SSP’
are provided in Table 3 below. There, KCsq is Kurtosis-to-Co V? ratio, which
measures kurtosis per unit of CoV?.

Table 3: SC and KCsq ratios for the four parametric distributions.

Parametric distribution  SC ratio as a function of CoV KCsq ratio as a function of CoV?

Gamma 2 6

Inverse-Gaussian (Wald) 3 15

Log-Normal 3+ CoV? e (3,4), CoV <100% 16 +15CoV? + 6CoV* + CoV® > 16
N 30(1- 1 cov?

Inverse-Gamma (Vinci) ﬁ >4, CoV <100% m > 30, CoV <70%

The graphs of Skewness and Kurtosis as functions of CoV derived from SC
and KCsq ratios are provided for SSP’ set of parametric distributions below in
Figure 3 and Figure 4.

12



Figure 3: Skewness as a function of CoV for the four parametric distributions from
SSP.
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Figure 4: Kurtosis as a function of CoV for the four parametric distributions from

SSP’
L L . L L
15+ .
3 10k .
[ i
L 8 1
[%2]
o L i
E L g
¥4
= N
= N
| — R TR — T I N R TR — T TR — | — TSI R TR — |
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
CoV
—— Gamma Inverse-Gaussian —— Log-Normal

— Inverse-Gamma

These graphs demonstrate monotonic increase in the level of Skewness and
Kurtosis for a given level of CoV when moving sequentially across the SSP’ set
of the proposed four parametric distributions from Gamma to Inverse-Gamma.



3.2 Approximation of ENID load for reserve mean and CoV

ASSUMPTIONS AND ANALYTICAL TRANSFORMATIONS We consider
the random value of reserve X with its CDF Fx and unknown true values of
mean m, standard deviation s and coefficient of variation CoV = >. As was
defined in section 2 the conditional random variable X, = {X | X < b}, where
b = F5'(p) = VaR,(X), represents the reserve value based on realistically
foreseeable (observable) loss events. The n-th non-central moment of X, is
the n-th truncated non-central moment of X which is equal to:

m?(X) =E[x},] = E[X"|X<b]. (9)
Using the representation (7) we rewrite X as
X=m (1+COV~Xv),
where X = X‘T’”, and note that since
P[X < VaR, (X)] =P[X < VaR, (X)] = p,

we have _
VaR, (X) = m+s-VaR, (X) (10)
and
mM(X) = E[X"|X<VaR,(X)]
m" - E[Y"|Y < VaRy(Y)]
= m"-m{M(Y), (1)

where Y = L. X =1+CoV- X. The above formulae of linearity of VaR transfor-
mation (10) and the factorisation of n-th truncated moment (11) hold for any
type of distribution of X. This is used further to calculate the truncated mean
and variance of X.

The truncated mean of X is calculated as follows

my=m(X) = E[X|X<VaR,(X)]
mE[(1+CoV-)A(') | X < VaR, ()N()]
m (1+CoV-E[X|X < VaR, (X)]),  (12)

from where the ENID uplift factor’ for reserve mean is defined as

m 1
my 1+ CoV-E[X|X < VaR, (X)]

(13)

The truncated variance of X is calculated as follows
2 = E [(x —my,)’ | X < VaR, (x)]
= mchsz[(Y—E[ﬂf(gﬂ)z |;~<§’5]

- m?CoV? (E[R?|X <B]- B2 [X| X <B)), (14)

where b = VaR, (f ) By multiplying both sides of Equation 14 by squared -
from Equation 13 and then dividing them by m?, we obtain the following formula
for CoV?,:

oy CoV' (B[R X <b] - E*[X|X <F])
(0] =
(1+CoV - E[X|X <B])’

tr

(15)

7 The ENID load is then the ENID uplift factor minus 1.
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It follows from Equation 13 and Equation 15 that the ENID load for reserve mean
and the truncated coefficient of variation CoV?}, are functionally dependent on
CoV and the first two truncated moments of X. To be able to proceed further
and approximate ENID load for reserve mean and variability, we will first try
to approximate the truncated moments of X - the centralised and normalised
random variable with zero mean and unit variance, by a function of CoV, and

then solve Equation 15 for CoV and use it to calculate " in Equation 13 and also

CCOLVV. To be able to achieve this we will make some simplifications and series of
tr

analytical transformations outlined below.

Assumption 2. 'The random variable X is assumed to be approximated by the
Fleishman quadratic polynomial of a standard normal random variable Z ~

N(0,1):
XAP(Z)=mZ + ar(Z2 - 1), (16)

where the Fleishman coefficients a; and a, are calibrated so that P,(Z) has unit
variance and its skewness is equal to y - skewness of X, i.e. a; and a, are solution
to the following system of equations

L

Assumption 3. The p-quantile of random variable X is assumed to be approxi-
mated by the Cornish-Fisher approximation:

2 2
a; 2+ 2a;3, ,
6aja, +8a;

(17)

— _ z,-1
b:VaRP(X)wzp+y e (18)

where z, = VaR,, (Z).

Assumption 4. The empirical distribution of reserve in a distribution-free setting
is assumed to be of SSP type, and thus the unknown true value of skewness is
defined by

y (CoV) = SC(CoV) - CoV. (19)

It is further assumed that the SC ratio is constant in the neighbourhood of
CoVy,, i.e. for CoV in the interval (CoVy,, (1+ §)CoVy,) for 0 < § < 1:

SC(CoV) =k, (20)

and the multiple k is thus commensurate with the SC ratio on the truncated
basis, i.e.

o Ytr
Cov,. (21)

Furthermore we make the following analytical transformations:

o Calibrate Fleishman coeflicients a; and a,, and express them as functions
of CoV;

o Express the n-th truncated moment E [)?” |X < E] for n =1,2 as a func-
tion of CoV by:

- finding the equivalent probability condition of {X < 3} defined
through the random variable Z - this would likely to be in the fol-
lowing form {¢ < Z < d} with ¢ and d being functions of CoV; and
then
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- calculating the n-th truncated moment of the standard normal ran-
dom variable Z, i.e. E[Z" |[c< Z < d]forn=1,...,4.

The calibration of Fleishman coefficients requires solving a cubic equation. In-
deed, (17) can be reduced to the following system of equations

{al = /1-24a3, (22)

y = 6a,—4a3

From (22) it follows that |a,| < % and thus 0 < y < 24/2, which may indicate

that the Fleishman approximation is not suitable for the types of reserve risk

profile that are adhering to Inverse-Gamma parametric distribution and have
2

Y1

CoV above 50%. The discriminant of the cubic equation in (22) is equal to o — ¢

and is negative for y < 2v/2, indicating that there are three real roots. It can be
shown that after taking into account the lower and upper bounds of a, there is
only one real root, which is positive and equal to:

a; (CoV) = /2cos (M + 47”) , (23)

_ y(CoV)
V2
tion in (22) is provided in Appendix B.

It then follows from (22) and (23) that

a; (CoV) = /1-2a3(CoV) (24)

To find the equivalent probability condition of {5(: < E} defined through the
random variable Z, we would need to solve the following quadratic inequality
for Z:

where ¢ (CoV) = arccos ( ) The derivation of the roots of cubic equa-

a2t + a1 Z - (az +5) <0, (25)

where b is defined in Equation 18 and s a positive function of CoV for p>0.85
and V y > 0. Given a, > 0, the solution to quadratic inequality (25) is the interval

¢ < Z < d, where
—ay —\/a} + 4ay(a, +F)

= , 6
c 20 (26)
—ay ++\/a? +4ay(a,+ b
g - _Arvarteler) (27)
2(12

It should be noted that ¢ <0 < d as a; > 0.
Let us further denote the n-th truncated moment of Z by

I, = E[Z"|c<Z<d],n20. (28)

Then using the Fleishman approximation of X (16) and also (26) and (27), we
obtain

E[Xﬁfgm = ah, +al; - ayly, (29)
|X<b

61314 + 2611&12[3 + (1 - 461%) Iz

IN
—
Il

—2a1a211 + 61%[0. (30)

The n-th truncated moment of Z in (28) can be computed iteratively using the
following formula

In = _W + (ﬂ —I)In_z, with

d)—¢(c
e OETOMCLL G
Iy = 1
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The derivation of formulae (31) is provided in Appendix C. It then follows from
(31) that

o _de(d)—co(0)

Bo= e *1
= _de(d)=c9(c)

13 =TT o(@)=0(0) +211, (32)
- d’9(d)—c*9(c)

L = ~@eto 30

By summarising all the steps above we conclude that both E [)N( |X < 5] and
E [)~(2 |X < 5] are analytical functions of CoV, as

e I, is a function of ¢ and d (see (31));
« both ¢ and d are functions of a;, a, and b (see (26) and (27)); and finally

e aj, dy and b are analytical functions of y(CoV) (see (24), (23), (18) and
(19)).

PRACTICAL APPROXIMATIONS We use numerical computations to solve®
Equation 15 for unknown true value of CoV. This solution is further used to
compute

+ Mean_Load = J* — 1Dy using Equation 13; and

_ CoVv
e« CoV_Load = cOov" -1

To examine the quality of the obtained ENID load approximations one would ide-
ally need to compare them to analogous exact values of ENID load for each of the
parametric distribution from SSP’. In this paper, we examine the quality of the
proposed distribution-free approximation of Mean_Load and CoV_Load for
the following three parametric distributions from SSP’: Log-Normal, Gamma
and Inverse-Gamma.

It follows from (11) that in general for any random variable X its truncated
CoV is computed as follows

2)
m Y
CoVii(X) = ”7()—1, (33)

(mP (1))

where Y = = X. And if additionally the distribution of X is of SSP type and its
CDF is F,, , with u and v being scale and shape parameters respectively, then, as
was explained by Equation 8 in subsection 3.1, Y has the distribution Fy, (x)
for which % and v are such that the mean of Y is 1, and thus the scale parameter
U is a function of shape parameter v.

The unknown shape parameter v can then be calibrated by solving Equation 33
and further used to find the unknown true value of CoV of X:

mA(y)

\ (o))

where m (") (Y) is the n-th non-central (full) moment of Y.
Specifically, for the three chosen distributions from SSP’ we have:

CoV(X) = (34)

 Log-Normal distribution

* X~ Fyo(x) = LN (1, 0) = @ (24 ) and (o) = - 4o

* CoVy?(X) = peoz %ﬁm —1land CoV = Ve’ - 1;

8 The Brent’s method (see Teukolsky et al. [13]) was used to solve Equation 15.
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o Gamma distribution

* X ~ Fgo(x) = Gamma(a, ) = );( () ) and f(a) = L

T'(2+a)-T(2+a,Y(a,
x CoVi2(X) = (F((I:a))—l“((lja,Y((ot,pp)))))z (T(a) - r(oc,Y(oc,p))),where

I
0
Mas) = [ eetan
Y(a,p) = thesolutionforzin p = r(“)z);
I'(a)
* CoV_f,

o Inverse-Gamma distribution

e

g(a)) and B(a) = a — 1;

T Y (a, 5
+ CoVy2(X) = %r(am(a,p)),w}lere

* X ~ Fg o(x) = InvGamma(a, ) =

Y( 1 ) S Clutl‘OIl fOI z ln p = ()(§ > Z)
CO v \/7

For each of the three parametric distributions from SSP’ we simultaneously
run the following two procedures of estimating ENID load

1) approximating Mean_Load and CoV_Load by using the distribution-free
approach defined above in this section; and

2) numerically solving” Equation 33 for unknown shape parameter by using
the above analytical formulae, then finding the unknown CoV from (34)
and computing the exact values of Mean_Load and CoV_Load.

The obtained results are then compared below.

3.2.1 Log-Normal distribution: exact vs. approximated Mean_Load

The Table 4 and Table 5 below provide both the distribution-free approximation
and the exact value of Mean_Load under the assumption of log-normality of
reserves. The comparison of the two results is summarised in the form of cor-
rection factors (i.e. ratio of exact to approximated value) provided in Table 6.
By comparing now the correction factors from Table 6 to analogous correction
factors for the Lloyd’s fine approximation (1) provided in Table 1, we conclude
that the distribution-free approximation of Mean_Load is confined between
the Lloyd’s approximation (1) and the exact value, and thus is of generally better
quality than the approximation (1).

9 The Brent’s method was used to numerically solve the equation.
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Table 4: Approximated Mean_Load (in %) assuming Log-Normal distribution
and CoV <50% (i.e. 3 < SC < 3.25).

p=0.95 p=0.955 p=0.96 p=0.965 p=0.97 Pp=0.975 p=0.98 p=0.985  p=0.99

CoVir =
10% 1.346 1.221 1.095 0.969 0.841 0.712 0.582 0.448 0.311
15% 2.120 1.921 1723 1.523 1.322 L1119 0.913 0.704 0.488
20% 2.960 2.681 2.402 2.122 1.841 1.557 1.270 0.978 0.678
25% 3.869 3.501 3.134 2.766 2.397 2.026 1.652 1.271 0.881
30% 4.850 4.384 3.919 3.456 2.992 2.526 2.058 1.582 1.096
35% 5.908 5.333 4.762 4.194 3.627 3.059 2.489 1.913 1.324
40% 7.047 6.352 5.664 4.982 4.303 3.626 2.947 2.263 1.565
45% 8.263 7.439 6.625 5.820 5.022 4.227 3.433 2.634 1.821
50% 9.527 8.573 7.632 6.701 5.778 4.861 3.946 3.027 2.094

Table 5: Exact value of Mean_Load (in %) assuming Log-Normal distribution
and CoV <50% (i.e. 3 < SC < 3.25).

p=0.95 p=0.955 p=0.96 p=0.965 p=0.97 p=0.975 p=0.98 p=0.985 p=0.99

CoVyy =
10% 1362 1.236 1109 0.982 0.853 0.723 0.591 0.456 0.317
15% 2172 1.970 1.768 1.565 1360 1.153 0.943 0.728 0.506
20% 3.079 2.793 2.506 2.218 1.927 1.634 1.337 1.033 0.720
25% 4.093 3.711 3.329 2.946 2.560 2171 1.776 1.373 0.958
30% 5.223 4.735 4.246 3.756 3.263 2.767 2.264 1752 1223
35% 6.481 5.872 5.263 4.654 4.043 3.427 2.805 2171 1517
40% 7.877 7133 6.391 5.648 4.904 4156 3.401 2.632 1.841
45% 9.425 8.529 7.636 6.745 5.853 4.958 4.056 3139 2.197
50% 11.138 10.071 9.010 7.952 6.897 5.839 4.774 3.695 2.586

Table 6: Correction factors for Mean_Load approximation assuming Log-
Normal distribution and CoV < 50% (i.e. 3 < SC < 3.25).

p=0.95 p =0.955 p=0.96 p =0.965 p=0.97 p=0.975 p=0.98 p=0.985 p=0.99

CoVyy =
10% 1.01189 1.01235 1.01284 1.01340 1.01403 1.01478 1.01569 1.01688 1.01859
15% 1.02451 1.02544 1.02645 1.02757 1.02884 1.03033 1.03214 1.03448 1.03784
20% 1.04008 1.04161 1.04327 1.04509 1.04714 1.04951 1.05238 1.05607 1.06133
25% 1.05777 1.06003 1.06244 1.06507 1.06801 1.07137 1.07541 1.08056 1.08785
30% 1.07691 1.08001 1.08330 1.08684 1.09074 1.09517 1.10043 1.10708 1.11644
35% 1.09699 110107 110532 1.10984 1.11476 112028 112677 1.13490 114623
40% 1.11791 1.12301 1.12826 113378 113970 1.14628 1.15391 1.16337 1.17645
45% 1.14065 1.14655 115259 1.15889 1.16561 1.17301 1.18152 1.19200 1.20638
50% 1.16914 1.17469 1.18055 1.18678 1.19353 1.20105 1.20978 1.22057 1.23544

3.2.2  Log-Normal distribution: exact vs. approximated CoV_Load

Similar analysis of quality of the distribution-free approximation of CoV_Load
is provided below in Table 7 and Table 8, and summarised in the form of cor-
rection factors provided in Table 9. From there we conclude that the quality of
CoV_Load approximation is as good as that of Mean_Load approximation.
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Table 7: Approximated CoV_Load (in %) assuming Log-Normal distribution and
CoV <50% (i.e. 3 < SC <3.25).

p=0.95 p=0.955 p=0.96 p=0.965 p=0.97 Pp=0.975 p=0.98 p=0.985  p=0.99

CoVir =
10% 13.030 12.080 11.099 10.081 9.018 7.901 6.715 5.436 4.022
15% 14.027 13.009 11.957 10.867 9.729 8.533 7.262 5.890 4.372
20% 15.092 13.996 12.865 11.694 10.473 9.191 7.829 6.359 4.731
25% 16.258 15.070 13.848 12.584 11.269 9.890 8.428 6.852 5.107
30% 17.569 16.268 14.935 13.562 12.137 10.648 9.073 7.379 5.506
35% 19.078 17.636 16.166 14.659 13.104 11.485 9.780 7.953 5.938
40% 20.856 19.231 17.588 15.916 14.201 12.427 10.569 8.587 6.411
45% 22.982 21.123 19.259 17.379 15.467 13.504 11.463 9.300 6.940
50% 25.514 23.366 21.231 19.095 16.943 14.751 12.490 10.114 7.538

Table 8: Exact value of CoV_Load (in %) assuming Log-Normal distribution and
CoV <50% (i.e. 3 < SC <3.25).

p=0.95 p=0.955 p=0.96 p=0.965 p=0.97 p=0.975 p=0.98 p=0.985 p=0.99

CoVyy =
10% 13.246 12.288 11.299 10.270 9.196 8.066 6.864 5.566 4.129
15% 14.496 13.464 12.395 11.284 10.122 8.897 7.593 6.180 4.610
20% 15.896 14.778 13.621 12.417 11.157 9.827 8.408 6.869 5.151
25% 17.461 16.247 14.990 13.682 12.312 10.865 9.319 7.638 5.758
30% 19.209 17.887 16.517 15.092 13.599 12.021 10.333 8.496 6.435
35% 21159 19.714 18.217 16.660 15.029 13.305 11.460 9.449 7188
40% 23.331 21.747 20.107 18.402 16.615 14.728 12.707 10.504 8.023
45% 25.751 24.008 22.206 20.333 18.373 16.302 14.086 11.669 8.945
50% 28.444 26.521 24.535 22.472 20.316 18.039 15.606 12.952 9.960

Table 9: Correction factors for CoV_Load approximation assuming Log-Normal
distribution and CoV < 50% (i.e. 3 < SC < 3.25).

p=0.95 p =0.955 p=0.96 p =0.965 p=0.97 p=0.975 p=0.98 p=0.985 p=0.99

CoVyy =
10% 1.01653 1.01722 1.01797 1.01880 1.01975 1.02087 1.02224 1.02402 1.02657
15% 1.03347 1.03496 1.03658 1.03836 1.04038 1.04273 1.04558 1.04925 1.05450
20% 1.05331 1.05593 1.05874 1.06182 1.06527 1.06925 1.07402 1.08012 1.08878
25% 1.07399 1.07812 1.08252 1.08729 1.09256 1.09857 1.10571 1.11475 1.12744
30% 1.09334 1.09948 1.10594 111285 112040 112890 1.13887 115134 116865
35% 1.10904 1.11780 112689 113650 1.14687 1.15838 117170 118811 1.21061
40% 1.11871 1.13080 1.14323 115619 1.16999 118510 1.20232 1.22321 1.25140
45% 1.12047 1.13659 115302 1.16998 1.18784 1.20713 1.22881 1.25469 1.28900
50% 1.11485 1.13503 1.15561 1.17684 1.19908 1.22292 1.24942 1.28062 1.32129

3.2.3 Gamma distribution: exact vs. approximated Mean_Load

By comparing correction factors between Log-Normal and Gamma distributions
(i.e. comparing Table 12 and Table 6) we conclude that the approximation of
Mean_Load is of generally better quality for Gamma distribution than for Log-
Normal distribution.
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Table 10: Approximated Mean_Load (in %) assuming Gamma distribution and
CoV <50% (i.e. SC =2).

p=0.95 p=0.955 p=0.96 p=0.965 p=0.97 Pp=0.975 p=0.98 p=0.985  p=0.99

CoVir =
10% 1.300 1.179 1.058 0.936 0.813 0.689 0.563 0.434 0.301
15% 2.017 1.829 1.641 1.452 1.261 1.068 0.872 0.672 0.466
20% 2.776 2.517 2.257 1.996 1.733 1.468 1.198 0.924 0.641
25% 3.576 3.241 2.906 2.569 2.230 1.888 1.541 1.187 0.824
30% 4.415 4.001 3.585 3.169 2.749 2.327 1.899 1.463 1.014
35% 5.294 4.795 4.295 3.794 3.291 2.784 2.271 1.749 1.213
40% 6.210 5.622 5.034 4.445 3.854 3.259 2.658 2.046 1.418
45% 7.164 6.482 5.802 5.121 4.438 3.751 3.058 2.354 1.631
50% 8.154 7.375 6.597 5.820 5.042 4.260 3.471 2.671 1.851

Table 11: Exact value of Mean_Load (in %) assuming Gamma distribution and
CoV <£50% (i.e. SC =2).

p=0.95 p=0.955 p=0.96 p=0.965 p=0.97 p=0.975 p=0.98 p=0.985 p=0.99

CoVyy =
10% 1.306 1.185 1.063 0.941 0.818 0.693 0.566 0.436 0.303
15% 2.036 1.847 1.658 1.467 1.275 1.080 0.882 0.681 0.473
20% 2.820 2.558 2.296 2.031 1.765 1.496 1.222 0.943 0.655
25% 3.661 3.320 2.979 2.636 2.290 1.940 1.586 1.224 0.851
30% 4.559 4.135 3.709 3.281 2.850 2.415 1.974 1524 1.060
35% 5519 5.003 4.487 3.968 3.447 2.920 2.387 1.843 1.282
40% 6.541 5.928 5315 4.699 4.080 3.457 2825 2181 1518
45% 7.628 6.911 6.194 5.475 4753 4.025 3.289 2539 1.767
50% 8.784 7.955 7127 6.297 5.465 4.627 3.779 2.917 2.031

Table 12: Correction factors for Mean_Load approximation assuming Gamma
distribution and CoV < 50% (i.e. SC = 2).

p=0.95 p =0.955 p=0.96 p =0.965 p=0.97 p=0.975 p=0.98 p=0.985 p=0.99

CoVyy =
10% 1.00448 1.00462 1.00478 1.00497 1.00518 1.00543 1.00574 1.00615 1.00673
15% 1.00950 1.00979 1.01012 1.01048 1.01090 1.01140 1.01201 1.01281 1.01396
20% 1.01600 1.01646 1.01697 1.01755 1.01821 1.01898 1.01994 1.02118 1.02297
25% 1.02377 1.02441 1.02512 1.02592 1.02683 1.02790 1.02922 1.03092 1.03337
30% 1.03264 1.03347 1.03438 1.03540 1.03656 1.03793 1.03960 1.04175 1.04484
35% 1.04250 1.04351 1.04462 1.04585 1.04725 1.04889 1.05088 1.05346 1.05714
40% 1.05327 1.05444 1.05572 1.05715 1.05876 1.06064 1.06292 1.06587 1.07006
45% 1.06487 1.06619 1.06762 1.06920 1.07099 1.07307 1.07559 1.07883 1.08344
50% 1.07728 1.07872 1.08026 1.08196 1.08388 1.08610 1.08879 1.09225 1.09715

3.2.4 Gamma distribution: exact vs. approximated CoV_Load

By comparing correction factors between Log-Normal and Gamma distributions
(i.e. comparing Table 15 and Table 9) we conclude that the approximation of
CoV_Load is of generally better quality for Gamma distribution than for Log-
Normal distribution.
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Table 13: Approximated CoV_Load (in %) assuming Gamma distribution and
CoV <£50% (i.e. SC =2).

p=0.95 p=0.955 p=0.96 p=0.965 p=0.97 Pp=0.975 p=0.98 p=0.985  p=0.99

CoVir =
10% 11.896 11.037 10.148 9.224 8.257 7.238 6.154 4.983 3.686
15% 12.248 11.377 10.474 9.533 8.547 7.506 6.396 5.193 3.856
20% 12.587 11.704 10.788 9.831 8.828 7.766 6.631 5.397 4.022
25% 12.915 12.021 11.092 10.121 9.100 8.018 6.859 5.596 4.184
30% 13.234 12.330 11.388 10.403 9.366 8.265 7.082 5.792 4.343
35% 13.548 12.633 11.679 10.680 9.627 8.507 7.303 5.985 4.501
40% 13.858 12.932 11.967 10.954 9.885 8.747 7.521 6.176 4.658
45% 14.167 13.230 12.253 11.227 10.142 8.986 7.738 6.366 4.814
50% 14.476 13.529 12.539 11.499 10.399 9.225 7.955 6.557 4.971

Table 14: Exact value of CoV_Load (in %) assuming Gamma distribution and
CoV £50% (i.e. SC =2).

p=0.95 P =0.955 p=0.96 p=0965  p=o097 Pp=0.975 p=0.98 p=0.985 p=0.99

CoVyy =
10% 11.952 11.092 10.200 9.273 8.303 7.281 6.193 5.016 3.714
15% 12.371 11.495 10.587 9.640 8.648 7.599 6.480 5.266 3.916
20% 12.796 11.905 10.980 10.014 8.999 7.924 6.774 5.522 4.124
25% 13.228 12.323 11.380 10.395 9.357 8.256 7.074 5.785 4.338
30% 13.666 12.747 11.788 10.783 9.722 8.595 7.381 6.053 4.557
35% 14.111 13.177 12.201 11.177 10.094 8.940 7.695 6.327 4.781
40% 14.563 13.614 12.622 11.578 10.473 9.292 8.014 6.608 5.011
45% 15.020 14.058 13.049 11.986 10.858 9.650 8.340 6.893 5.246
50% 15.485 14.508 13.482 12.400 11.249 10.014 8.671 7.185 5.485

Table 15: Correction factors for CoV_Load approximation assuming Gamma dis-
tribution and CoV < 50% (i.e. SC = 2).

p=0.95 P =0.955 p=0.96 P =0.965 p=0.97 P =0.975 p=o0.98 P =0.985 p=0.99

CoVyy =
10% 1.00477 1.00495 1.00514 1.00536 1.00562 1.00592 1.00629 1.00678 1.00750
15% 1.00999 1.01036 1.01076 1.01121 1.01173 1.01234 1.01309 1.01408 1.01550
20% 1.01658 1.01718 1.01784 1.01857 1.01941 1.02040 1.02161 1.02317 1.02542
25% 1.02422 1.02509 1.02604 1.02710 1.02830 1.02971 1.03142 1.03363 1.03678
30% 1.03264 1.03381 1.03509 1.03650 1.03810 1.03996 1.04221 1.04510 1.04919
35% 1.04159 1.04310 1.04474 1.04654 1.04856 1.05089 1.05370 1.05728 1.06231
40% 1.05087 1.05275 1.05477 1.05697 1.05943 1.06226 1.06564 1.06991 1.07588
45% 1.06028 1.06255 1.06498 1.06761 1.07053 1.07387 1.07782 1.08278 1.08965
50% 1.06963 1.07233 1.07519 107827 1.08167 1.08552 1.09004 1.09567 1.10340

3.2.5 Inverse-Gamma distribution: exact vs. approximated Mean_Load

By comparing correction factors between Log-Normal, Gamma and Inverse-
Gamma distributions (i.e. comparing Table 12, Table 6 and Table 18) we conclude
that the approximation of Mean_Load is of marginally lower quality for Inverse-
Gamma distribution than for Log-Normal and Gamma distributions.

Table 16: Approximated Mean_Load (in %) assuming Inverse-Gamma distribu-
tion and CoV <50% (i.e. 4 < SC <5.3).

p=0.95 p =0.955 p=0.96 p =0.965 p=0.97 p=0.975 p=0.98 p=0.985 p=0.99

CoVyy =
10% 1.393 1.263 1.132 1.001 0.869 0.736 0.600 0.463 0.321
15% 2.228 2.018 1.807 1.596 1.384 1171 0.955 0.735 0.510
20% 3.167 2.863 2.560 2.258 1.955 1.651 1.345 1.034 0.716
25% 4.228 3.814 3.402 2.994 2.587 2.181 1.774 1.362 0.942
30% 5.444 4.894 4.354 3.821 3.293 2.770 2.247 1723 1.190
35% 6.783 6.095 5.415 4.744 4.082 3.426 2.775 2.124 1.465
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Table 17: Exact value of Mean_Load (in %) assuming Inverse-Gamma distribu-
tion and CoV < 50% (i.e. 4 < SC < 5.3).

p=0.95 p=0.955 p=0.96 p=0.965 p=o0.97 p=0.975 p=o0.98 p=0.985 p=0.99

CoVir =
10% 1.423 1.291 1.158 1.025 0.891 0.755 0.618 0.477 0.332
15% 2.324 2.108 1.892 1.674 1.455 1.234 1.010 0.781 0.544
20% 3.382 3.067 2.751 2.434 2.116 1.795 1.469 1.137 0.794
25% 4.625 4.191 3.757 3.323 2.887 2.449 2.005 1.553 1.087
30% 6.083 5.508 4.934 4.361 3.787 3.21 2.629 2.037 1.428
35% 7.798 7.052 6.311 5.572 4.835 4.096 3.353 2.598 1.824

Table 18: Correction factors for Mean_Load approximation assuming Inverse-
Gamma distribution and CoV < 50% (i.e. 4 < SC < 5.3).

p=0.95 P =0.955 p=0.96 P =0.965 p=0.97 P =0.975 p=o0.98 p=0.985 P =0.99

CoVyp =
10% 1.02142 1.02229 1.02324 1.02429 1.02548 1.02688 1.02858 1.03079 1.03396
15% 1.04296 1.04480 1.04679 1.04896 1.05139 1.05421 1.05760 1.06195 1.06816
20% 1.06798 1.07121 1.07462 1.07829 1.08233 1.08693 1.09239 1.09932 1.10910
25% 1.09366 1.09887 110424 1.10988 1.11596 112273 113061 1.14043 1.15410
30% 111751 1.12540 113334 1.14148 115002 1.15931 1.16986 1.18272 1.20030
35% 1.14970 1.15699 1.16533 1.17451 1.18454 1.19562 1.20826 1.22359 1.24432

3.2.6 Inverse-Gamma distribution: exact vs. approximated CoV_Load

By comparing correction factors between Log-Normal, Gamma and Inverse-
Gamma distributions (i.e. comparing Table 15, Table 9 and Table 21) we conclude
that the approximation of CoV_Load is of marginally lower quality for Inverse-
Gamma distribution than for Log-Normal and Gamma distributions.

Table 19: Approximated CoV_Load (in %) assuming Inverse-Gamma distribu-
tion and CoV < 50% (i.e. 4 < SC < 5.3).

p=0.95 P =0.955 p=0.96 P =0.965 p=0.97 p=0.975 p=o0.98 p=0.985 p=0.99

CoVyy =
10% 14.258 13.205 12.120 10.997 9.829 8.604 7.306 5.911 4.373
15% 16.089 14.887 13.653 12.380 11.060 9.680 8.222 6.657 4.934
20% 18.291 16.887 15.455 13.988 12.476 10.904 9.252 7.488 5.553
25% 21.136 19.430 17.712 15.972 14.197 12.370 10.468 8.455 6.263
30% 25.168 22.949 20.764 18.596 16.427 14.233 11.985 9.638 7.118
35% 31.404 28.263 25.257 22.361 19.545 16.772 14.002 11.176 8.204

Table 20: Exact value of CoV_Load (in %) assuming Inverse-Gamma distribu-
tion and CoV < 50% (i.e. 4 < SC < 5.3).

p=0.95 p =0.955 p=0.96 p =0.965 p=0.97 p=0.975 p=0.98 p=0.985 p=0.99

CoVyy =
10% 14.702 13.635 12.533 11.391 10.200 8.948 7.619 6.185 4.598
15% 17.062 15.835 14.570 13.258 11.891 10.454 8.928 7.279 5.448
20% 19.935 18.510 17.042 15.522 13.940 12.278 10.512 8.604 6.481
25% 23.465 21.787 20.062 18.282 16.431 14.491 12.433 10.211 7.737
30% 27.846 25.838 23.783 21.669 19.479 17.191 14.770 12.162 9.262
35% 33.365 30.915 28.420 25.868 23.238 20.504 17.626 14.538 11115
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Table 21: Correction factors for CoV_Load approximation assuming Inverse-
Gamma distribution and CoV < 50% (i.e. 4 < SC < 5.3).

p=0.95 p=0.955 p=0.96 p=0.965 p=0.97 Pp=0.975 p=0.98 p=0.985  p=0.99

CoVir =
10% 1.03119 1.03260 1.03414 1.03584 1.03777 1.04001 1.04275 1.04629 1.05136
15% 1.06044 1.06368 1.06716 1.07095 1.07518 1.08005 1.08590 1.09338 1.10402
20% 1.08992 1.09612 1.10265 1.10965 1.11732 1.12598 1.13621 1.14909 1.16717
25% 1.11019 1.12129 1.13269 1.14462 1.15739 1.17148 1.18772 1.20773 1.23529
30% 1.10641 1.12592 1.14541 1.16521 1.18578 1.20780 1.23243 1.26187 1.30126
35% 1.06243 1.09382 112525 1.15683 1.18899 1.22253 1.25888 1.30082 1.35488

The following two subsections provide the distribution-free approximations
of ENID load tabulated for different levels of CoV,, probability truncation point
p and admissible SC ratio.

3.2.7  Distribution-free approximation of Mean_Load

Table 22: Mean_Load approximation (in %) under CoVy, = 10%.

p=0.95 P =0.955 p=0.96 P =0.965 p=o0.97 p=0.975 p=0.98 p=0.985 p=0.99

SC =
2.0 1.300 1179 1.058 0.936 0.813 0.689 0.563 0.434 0.301
2.2 1.309 1.188 1.066 0.943 0.819 0.694 0.566 0.437 0.303
2.4 1.318 1.196 1.073 0.949 0.824 0.698 0.570 0.440 0.305
2.6 1.327 1.204 1.080 0.956 0.830 0.703 0.574 0.442 0.307
2.8 1.336 1.212 1.087 0.962 0.835 0.708 0.578 0.445 0.309
3.0 1.345 1.220 1.095 0.968 0.841 0.712 0.581 0.448 0.311
3.2 1.354 1.228 1.102 0.975 0.846 0.717 0.585 0.451 0.313
3.4 1.363 1.236 1.109 0.981 0.852 0.721 0.589 0.454 0.315
3.6 1.372 1.244 1.116 0.987 0.857 0.726 0.592 0.457 0.317
3.8 1.381 1.252 1123 0.993 0.862 0.730 0.596 0.459 0.319
4.0 1.390 1.260 1.130 0.999 0.868 0.735 0.600 0.462 0.320
4.2 1.399 1.268 1.137 1.006 0.873 0.739 0.603 0.465 0.322
4.4 1.408 1.276 1.144 1.012 0.878 0.743 0.607 0.467 0.324
4.6 1.417 1.284 1.151 1.018 0.883 0.748 0.610 0.470 0.326
4.8 1.426 1.292 1.158 1.024 0.889 0.752 0.614 0.473 0.328
5.0 1.435 1.300 1.165 1.030 0.894 0.756 0.617 0.475 0.330
5.2 1.444 1.308 1172 1.036 0.899 0.761 0.621 0.478 0.331
Table 23: Mean_Load approximation (in %) under CoVy, = 20%.
p=0.95 P =0.955 p=0.96 P =0.965 p=0.97 p=0.975 p=0.98 p =0.985 p=0.99
sc=
2.0 2.776 2.517 2.257 1.996 1.733 1.468 1.198 0.924 0.641
2.2 2.811 2.548 2.285 2.021 1.754 1.485 1.213 0.934 0.648
2.4 2.846 2.580 2.313 2.045 1.775 1.502 1.226 0.945 0.655
2.6 2.881 2.611 2.340 2.069 1.795 1.519 1.240 0.955 0.663
2.8 2.916 2.642 2.368 2.092 1.816 1.536 1.254 0.966 0.670
3.0 2.951 2.673 2.395 2.116 1.836 1.553 1.267 0.976 0.677
3.2 2.986 2.704 2.422 2.139 1.856 1.570 1.280 0.986 0.683
3.4 3.021 2.735 2.449 2.163 1.875 1.586 1.293 0.996 0.690
3.6 3.056 2.766 2.476 2.186 1.895 1.602 1.306 1.006 0.697
3.8 3.091 2.797 2.503 2.209 1.915 1.618 1.319 1.015 0.704
4.0 3.126 2.827 2.530 2.232 1.934 1.635 1.332 1.025 0.710
4.2 3.161 2.858 2.557 2.255 1.954 1.650 1.345 1.035 0.717
4.4 3.196 2.889 2.583 2.278 1.973 1.666 1.357 1.044 0.723
4.6 3.231 2.920 2.610 2.301 1.992 1.682 1.370 1.053 0.729
4.8 3.266 2.951 2.637 2.324 2.011 1.698 1.382 1.063 0.736
5.0 3.301 2.982 2.664 2.347 2.030 1.713 1.395 1.072 0.742
5.2 3.337 3.012 2.690 2.370 2.049 1.729 1.407 1.081 0.748
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Table 24: Mean_Load approximation (in %) under CoVy, = 30%.

p=0.95 p=0.955 p=0.96 p=0.965 p=0.97 p=0.975 p=o0.98 p=0.985 p=0.99
sc=
2.0 4.415 4.001 3.585 3.169 2.749 2.327 1.899 1.463 1.014
2.2 4.492 4.069 3.646 3.221 2.794 2.364 1.928 1.485 1.030
2.4 4.570 4.138 3.706 3.273 2.838 2.400 1.957 1.507 1.045
2.6 4.647 4.206 3.765 3.324 2.881 2.436 1.986 1.529 1.060
2.8 4.724 4.274 3.825 3.375 2.925 2.472 2.015 1.550 1.074
3.0 4.802 4.342 3.884 3.426 2.968 2.507 2.043 1.572 1.089
3.2 4.879 4.410 3.943 3.477 3.010 2.542 2.070 1.592 1.103
3.4 4.957 4.479 4.002 3.527 3.053 2.577 2.098 1.613 1.117
3.6 5.035 4.547 4.061 3.578 3.095 2.611 2.125 1.634 1131
3.8 5.113 4.615 4.120 3.628 3.137 2.646 2.152 1.654 1.145
4.0 5.191 4.683 4.179 3.678 3.179 2.680 2.179 1.674 1.158
4.2 5.269 4.751 4.237 3.727 3.220 2.714 2.206 1.694 1172
4.4 5.346 4.818 4.295 3.777 3.261 2.747 2.233 1.714 1.186
4.6 5.422 4.884 4.352 3.825 3.302 2.781 2.259 1.734 1.199
4.8 5.497 4.949 4.409 3.873 3.342 2.814 2.285 1.754 1.213
5.0 5.568 5.012 4.463 3.920 3.382 2.846 2.311 1.773 1.227
5.2 5.636 5.073 4.516 3.966 3.421 2.878 2.337 1.793 1.240
Table 25: Mean_Load approximation (in %) under CoVy, = 40%.
p=0.95 p=0.955 p=0.96 P =0.965 p=0.97 P =0.975 p=0.98 p =0.985 P=0.99
sc=
2.0 6.210 5.622 5.034 4.445 3.854 3.259 2.658 2.046 1.418
2.2 6.345 5.741 5.138 4.535 3.930 3.322 2.707 2.084 1.444
2.4 6.481 5.861 5.242 4.624 4.005 3.383 2.757 2.121 1.469
2.6 6.616 5.980 5.345 4.712 4.079 3.445 2.805 2.157 1.494
2.8 6.752 6.099 5.449 4.801 4.153 3.505 2.853 2.193 1.519
3.0 6.888 6.218 5.551 4.888 4.227 3.565 2.901 2.229 1.543
3.2 7.024 6.336 5.653 4.975 4.300 3.625 2.948 2.265 1.567
3.4 7.158 6.453 5.754 5.061 4.372 3.684 2.995 2.300 1.591
3.6 7.289 6.567 5.853 5.146 4.443 3.742 3.041 2.335 1.616
3.8 7.415 6.678 5.950 5.228 4.513 3.800 3.087 2.369 1.640
4.0 7.532 6.782 6.041 5.308 4.580 3.856 3.132 2.404 1.664
4.2 7.637 6.877 6.126 5.382 4.644 3.910 3.176 2.438 1.687
4.4 7.724 6.959 6.202 5.450 4.704 3.961 3.218 2.471 1711
4.6 7.786 7.023 6.264 5.509 4.758 4.009 3.259 2.503 1.735
4.8 7.817 7.063 6.309 5.556 4.804 4.051 3.296 2.535 1.759
5.0 7.808 7.072 6.331 5.587 4.839 4.087 3.330 2.564 1.782
Table 26: Mean_Load approximation (in %) under CoVy, = 50%.
p=0.95 p=0.955 p=0.96 P =0.965 p=0.97 p=0.975 p=o0.98 p=0.985 p=0.99
SC =
2.0 8.154 7.375 6.597 5.820 5.042 4.260 3.471 2.671 1.851
2.2 8.362 7.557 6.756 5.956 5.156 4.354 3.546 2.727 1.889
2.4 8.570 7.740 6.914 6.091 5.270 4.447 3.620 2.783 1.927
2.6 8.778 7.921 7.071 6.225 5.382 4.539 3.693 2.838 1.965
2.8 8.982 8.100 7.226 6.358 5.493 4.630 3.765 2.892 2.002
3.0 9.180 8.274 7.377 6.487 5.602 4.720 3.836 2.946 2.040
3.2 9.366 8.438 7.520 6.610 5.707 4.807 3.906 3.000 2.077
3.4 9.531 8.587 7.652 6.726 5.807 4.890 3.974 3.052 2.114
3.6 9.664 8.711 7.767 6.830 5.898 4.969 4.039 3.104 2.151
3.8 9.750 8.801 7.856 6.915 5.977 5.040 4.100 3.153 2.188
4.0 9.772 8.840 7.907 6.973 6.038 5.099 4.155 3.200 2.224
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3.2.8  Distribution-free approximation of CoV_Load
Table 27: CoV_Load approximation (in %) under CoVy, = 10%.
p=0.95 p=0.955 p=0.96 p =0.965 p=0.97 p=0.975 p=o0.98 p=0.985 p=0.99
sc=
2.0 11.896 11.037 10.148 9.224 8.257 7.238 6.154 4.983 3.686
2.2 12.115 11.239 10.333 9.390 8.405 7.367 6.264 5.071 3.752
2.4 12.337 11.443 10.519 9.558 8.555 7.498 6.374 5.161 3.818
2.6 12.561 11.649 10.707 9.728 8.705 7.629 6.485 5.250 3.885
2.8 12.787 11.857 10.896 9.898 8.857 7.761 6.596 5.340 3.951
3.0 13.016 12.067 11.087 10.070 9.009 7.893 6.708 5.431 4.019
3.2 13.246 12.279 11.280 10.244 9.163 8.027 6.821 5.522 4.086
3.4 13.480 12.493 11.475 10.419 9.318 8.162 6.935 5.613 4.154
3.6 13.715 12.709 11.671 10.595 9.474 8.297 7.049 5.705 4.221
3.8 13.953 12.927 11.869 10.773 9.631 8.434 7.164 5.797 4.290
4.0 14.194 13.147 12.068 10.952 9.790 8.571 7.279 5.890 4.358
4.2 14.437 13.369 12.270 11.133 9.949 8.709 7.396 5.984 4.427
4.4 14.682 13.594 12.473 11.315 10.110 8.848 7.513 6.077 4.496
4.6 14.930 13.821 12.679 11.499 10.272 8.989 7.630 6.172 4.566
4.8 15.181 14.050 12.886 11.684 10.436 9.130 7.749 6.267 4.635
5.0 15.435 14.281 13.095 11.871 10.601 9.272 7.868 6.362 4.705
5.2 15.691 14.515 13.306 12.060 10.767 9.415 7.988 6.458 4.776
Table 28: CoV_Load approximation (in %) under CoVy, = 20%.
p=0.95 p=0.955 p=0.96 P =0.965 p=0.97 P =0.975 p=0.98 p=0.985 P =0.99
SC=
2.0 12.587 11.704 10.788 9.831 8.828 7.766 6.631 5.397 4.022
2.2 13.041 12.121 11.167 10.173 9.131 8.030 6.853 5.577 4.155
2.4 13.505 12.547 11.554 10.521 9.439 8.297 7.079 5.759 4.289
2.6 13.979 12.981 11.948 10.875 9.752 8.568 7.307 5.942 4.425
2.8 14.463 13.424 12.350 11.235 10.070 8.844 7.539 6.128 4.562
3.0 14.959 13.876 12.760 11.601 10.393 9.123 7.774 6.316 4.701
3.2 15.465 14.338 13.177 11.975 10.722 9.407 8.012 6.507 4.841
3.4 15.983 14.810 13.603 12.355 11.056 9.695 8.253 6.699 4.982
3.6 16.514 15.293 14.038 12.742 11.396 9.988 8.497 6.894 5.125
3.8 17.057 15.786 14.481 13.136 11.742 10.285 8.745 7.092 5.269
4.0 17.613 16.290 14.934 13.539 12.094 10.586 8.996 7.291 5.415
4.2 18.183 16.805 15.396 13.948 12.452 10.893 9.251 7.494 5.563
4.4 18.768 17.333 15.868 14.366 12.817 11.205 9.510 7.699 5.712
4.6 19.367 17.873 16.351 14.793 13.188 11.521 9.772 7.907 5.863
4.8 19.981 18.426 16.844 15.227 13.566 11.843 10.039 8.117 6.016
5.0 20.612 18.992 17.348 15.671 13.951 12.171 10.309 8.331 6.171
5.2 21.259 19.572 17.863 16.124 14.343 12.504 10.584 8.547 6.328
Table 29: CoV_Load approximation (in %) under CoVy, = 30%.
p=0.95 P =0.955 p=0.96 P =0.965 p=0.97 p=0.975 p=0.98 p =0.985 p=0.99
SC =
2.0 13.234 12.330 11.388 10.403 9.366 8.265 7.082 5.792 4.343
2.2 13.944 12.980 11.978 10.933 9.834 8.671 7.425 6.067 4.547
2.4 14.678 13.651 12.587 11.478 10.315 9.087 7.775 6.348 4.754
2.6 15.439 14.345 13.214 12.038 10.809 9.513 8.132 6.634 4.964
2.8 16.227 15.062 13.860 12.615 11.316 9.950 8.497 6.925 5.178
3.0 17.045 15.804 14.528 13.209 11.836 10.397 8.870 7.223 5.396
3.2 17.894 16.572 15.217 13.820 12.371 10.855 9.252 7.526 5.617
3.4 18.775 17.368 15.930 14.451 12.921 11.326 9.642 7.836 5.843
3.6 19.691 18.193 16.666 15.101 13.487 11.808 10.042 8.152 6.073
3.8 20.643 19.048 17.427 15.772 14.069 12.303 10.451 8.475 6.308
4.0 21.634 19.935 18.215 16.463 14.668 12.812 10.870 8.805 6.547
4.2 22.664 20.855 19.030 17177 15.285 13.334 11.300 9.143 6.792
4.4 23.734 21.809 19.873 17.914 15.919 13.870 11.740 9.489 7.041
4.6 24.846 22.798 20.745 18.675 16.573 14.421 12.192 9.842 7.296
4.8 25.998 23.821 21.645 19.458 17.246 14.987 12.655 10.204 7.557
5.0 27.187 24.876 22.573 20.266 17.938 15.569 13.130 10.575 7.823
5.2 28.411 25.962 23.528 21.095 18.648 16.166 13.617 10.955 8.096
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Table 30: CoV_Load approximation (in %) under CoVy, = 40%.

p=0.95 P =0.955 p=0.96 P =0.965 p=0.97 p=0.975 p=0.98 p=0.985 p=0.99

SC =

2.0 13.858 12.932 11.967 10.954 9.885 8.747 7.521 6.176 4.658
2.2 14.851 13.839 12.788 11.690 10.534 9.308 7.992 6.554 4.936
2.4 15.893 14.789 13.645 12.455 11.207 9.888 8.478 6.942 5.222
2.6 16.989 15.784 14.540 13.251 11.905 10.488 8.979 7.342 5.515
2.8 18.142 16.827 15.476 14.081 12.630 11.110 9.496 7.753 5.815
3.0 19.356 17.921 16.454 14.945 13.384 11.753 10.030 8.176 6.124
3.2 20.634 19.069 17.477 15.847 14.167 12.420 10.581 8.612 6.442
3.4 21.979 20.274 18.547 16.787 14.981 13.111 11.152 9.062 6.768
3.6 23.391 21.537 19.666 17.767 15.827 13.828 11.741 9.526 7.104
3.8 24.870 22.855 20.832 18.787 16.706 14.571 12.352 10.005 7.451
4.0 26.406 24.226 22.043 19.845 17.617 15.340 12.982 10.500 7.808
4.2 27.987 25.639 23.293 20.939 18.559 16.134 13.634 11.010 8.177
4.4 29.589 27.079 24.573 22.061 19.528 16.953 14.306 11.537 8.559
4.6 31.178 28.521 25.865 23.201 20.517 17.792 14.996 12.080 8.952
4.8 32.703 29.930 27.145 24.344 21.517 18.647 15.704 12.639 9.359
5.0 34.096 31.256 28.378 25.466 22,514 19.509 16.424 13.212 9.778

Table 31: CoV_Load approximation (in %) under CoVy, = 50%.
p=0.95 p=0.955 p=0.96 P =0.965 p=0.97 P =0.975 p=0.98 p=0.985 pP=0.99

SC =

2.0 14.476 13.529 12.539 11.499 10.399 9.225 7.955 6.557 4.971
2.2 15.787 14.723 13.617 12.462 11.246 9.955 8.567 7.047 5.332
2.4 17.183 15.990 14.757 13.475 12.135 10.719 9.204 7.556 5.705
2.6 18.671 17.335 15.962 14.543 13.067 11.517 9.869 8.084 6.092
2.8 20.256 18.762 17.236 15.668 14.046 12.352 10.561 8.632 6.492
3.0 21.940 20.274 18.582 16.853 15.074 13.226 11.284 9.203 6.908
3.2 23.718 21.868 19.997 18.096 16.150 14.140 12.037 9.798 7.340
3.4 25.572 23.531 21.475 19.395 17.274 15.093 12.823 10.417 7.790
3.6 27.468 25.240 23.001 20.738 18.439 16.082 13.639 11.061 8.259
3.8 29.348 26.955 24.544 22.108 19.634 17.102 14.484 11.729 8.747
4.0 31122 28.608 26.060 23.474 20.840 18.142 15.352 12.421 9.255

NOTES ON IMPLEMENTATION It is one of the key aims of the paper to
provide quick and practical approximations of ENID load for reserve mean
and variability. The implementation of ENID load approximations may well
be done in a ‘standard formula’ style. Below outlines the steps of the proposed
implementation.

1. The table of correction factors is pre-computed for each pair of coefficient

of variation CoVy, and probability truncation point p separately for each
parametric distribution F € SSP’. They indicate the factor by which
the distribution-free approximation needs to be adjusted to arrive at the
true exact value of ENID loads Mean_Load and CoV_Load for a given
parametric distribution F.

For a given reserve X, for which the shape of its risk profile Fx is charac-
terised by initial proxy information based on observable loss events up to
probability truncation point p, i.e. its truncated coefficient of variation

CoV;(X) and skewness y;,(X), compute SCx = Cz‘\'h ratio and compare

it against the SC ratio for SSP’ parametric distributions at CoV(X).
This will allow to identify the relative location of the reserve risk profile
Fy with respect to the four parametric distributions from SSP’. Let Fx
be located between two known parametric distributions F; and F, from

SSP'.

For given truncated coefficient of variation CoV(X) and probability
truncation point p identify the corresponding correction factors for the
two parametric distributions F, and F, from SSP’ adjacent to Fy, and
then use them to interpolate the correction factors applicable to the reserve
risk profile Fx. Here, the interpolation is done in relation to proximity of
SCx(CoVy) ratio to analogous ratios of F; and F, at CoV,(X).
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4. Compute the distribution-free approximation of ENID load of reserve
risk profile Fx at (CoVy, p, SCx) and adjust it by the correction factors
obtained in the preceding step using the interpolation.

Practical example. Consider a reserve X with its truncated coefficient of variation
CoVy(X) = 30% and implied (based on observable loss information) SC ratio
of 4 assuming the reserve is formed based on the loss events with the return
period of up to 20 years, i.e. p = 0.95. It follows from here that the given reserve
risk profile is confined between Log-Normal and Inverse-Gamma distributions,
as for a given level of CoV,(X) at 30%

4

SCrog—Normal =3 +0.3* =3.09 < SCx =4 < SCiyy-Gamma = Tox

~44.

Using the assumptions CoV,(X) = 30% and p = 0.95 we then read

« Table 6 and Table 9 to find the correction factors f; and g; for Mean_Load
and CoV_Load respectively for the Log-Normal distribution; and

o Table18 and Table 21 to find the correction factors f, and g, for Mean_Load
and CoV_Load respectively for the Inverse-Gamma distribution.

Those correction factors are f; = 1.07691, g; = 1.09334, f, = 1.11751 and g, =
1.10641. Using the linear interpolation we estimate the correction factors f and
g to be applied to the distribution-free approximations of ENID load for the
reserve X mean and variability:

f
g

1.10511,
1.10242.

The initial values of the distribution-free approximations of ENID load for the
reserve mean and variability are read from Table 24 and Table 29 respectively
for CoV(X) =30% and p = 0.95:

Mean_Load = 5.191%,
CoV_Load = 21.634%.

Their adjusted values are then equal to

Mean_Load’ = f-Mean_Load = 5.737%,
CoV_Load’ = g-CoV_Load = 23.850%.

4 CONCLUSIONS

Under the upcoming Solvency II insurers will be required to adjust their tech-
nical provisions for binary events or events not in data (ENID). This research
originated from a simple analysis of so called Lloyd’s approximations of Binary
Events loading for reserve mean under the assumption of log-normality of re-
serve values. In this paper, we analytically derived the Lloyd’s approximations
from first principles, analysed their quality and identified the finest approxi-
mation. To make a step further in this research we relaxed the log-normality
assumptions of reserves and developed a distribution-free approach that would
allow one to practically estimate the ENID load for reserve mean and variability
assuming general (non-normal) characteristics of the reserve risk profile. Here,
the reserve risk profile is assumed to be fully characterised by its variability and
skewness per unit of variability measure (i.e. SC ratio). The distribution-free
ENID load approximations are derived and tabulated for a wide spectrum of
practically feasible reserve risk profiles with the SC ratio ranging from 2 (equiva-
lent to moderately skewed distributions like Gamma and Inverse-Gaussian) to
5.5 (equivalent to extremely skewed distributions like Inverse-Gamma).
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APPENDICES

Appendix A: Derivation of the k-th truncated moment of Log-Normal distribution

Consider a random variable X that is log-normally distributed with unknown pa-
rameters y and o, i.e. X ~ LN (g, o) with its cumulative distribution function

Fx(x) = @ (IMT_“) and probability density function fx(x) = - ¢ (MT_“),

where ¢(z) =
tion.

L,
V2

7 is the probability density of standard normal distribu-

The truncated k-th moment of X, truncated by the condition {X < b}, then

equals:

-

()

Fx(b)

E[X*|X < b]

! fbxk fx(x)dx

0

b
1 k1 (lnx—y)
Fx(b) O/-x ox? g dx

Inb—u

1st change of variables: u := MT’”‘ * =du= %’
x = ehtou :_:Oxk — ek‘u+kau
Inb—y
1 /7 ku+kou
e o (u) du,
Fx(b) .
Inb-p
1 f 1 —l(uZ—ZkJu—Zky)
—e ? du,
Fx(b) g Vim
Inb—y
ot [ otu-kaya
— u-ko) du,
By S °
. lnh—y_kg
and change of variables: ¢:= u - ko|_2
= dt=du
Inb—
ckuri K o? 7 ko .
— t) dt,
Fx(b) 4
Inb-py
ey u 5s)
Inb—pu '
o("5)
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Appendix B: The derivation of roots of cubic equation in (22)

Consider the following cubic equation with real parameters a, b, ¢ and d:
azy + bzl +czy +d =0, (36)

The roots of the cubic equation (36) can be found using the Cardano’s formula
(see, e.g., Abramowitz and Stegun [1])

x, = M+N-
x, = - 5 + ’\[ (M-N), (37)
s AU
where
= VP+V/P 1@, (38)
N = VP-VP+Q, (39)
where
P 9abc — 27a%d - 2b° (40)
= 3 O
54qg3 4
3ac - b?
= _— 1
Q 92 (41)

The existence of real roots of the cubic equation (36) and their quantity are
dependent on the sign of cubic discriminant

D = P*+Q% (42)

We consider three cases of D:
1. if D > 0, then there exists only one real root and it is equal to M + N — %,
2. if D = 0, then all three roots are real, and at least two are the same and

M+N b .
equal to -~ — =5 and

3. if D < 0, then all three roots are real and unequal.

In the latter case, when D < 0, the three real roots can also be expressed trigono-

metrically:
x = 2v/—-Qcos (
X, = 2v/-Qcos (
x3 = 2/~Qcos(%+

_ P
where ¢ = arccos ( m)

Now, let us consider the specific cubic equation defined in (22). In this case
we have

~—
Q*

, (43)

w \ew ewle

a = 4
b = 0
c = -6
d =y
d
P = _— = —z)
2a 8
c 1
Q - 5 = _Ei
2
1
D = L - and
64 8
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Its discriminant D is negative for y < 21/2, indicating that there are three real
roots as defined in (43): root 1’ x1, root 2’ x; and ‘root 3’ x3. By analysing those
roots as functions of y we could eliminate the roots which fall outside the interval

of admissible values of a,, (—%, % )

Figure s5: Real roots of cubic equation in (22).

05+

0.0F

az

—1.5;\‘“‘\““\““\““\““\‘
0.0 0.5 1.0 15 2.0 25

Skewness (y)

root 1 root 2 root 3

————— ap upper boundary ——-——— ay lower boundary

The Figure 5 above shows that there is only one suitable root for a, and that is
‘root 3’ which equals

(0] 47r)
2 —+—).
\/_cos(3+ 3
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Appendix C: Truncated moments of standard normal variable

Consider the n-th truncated moment of Z, I,

Iy

E[Z"|c<Z<d],n20.

1 d
= ——— dx.
OO fc x"(x) dx (44)
By using the property of the density of standard normal distribution
9'(x) = —x p(x),

and taking the integral in (44) by parts we obtain the following recursive formula

1 d n
I, = 7@(60—@(6)[ x"p(x)dx

1 d n-1
T T o(d) - o(c) f ¥ de(x)
1

n-1 d d n-2
= _(D(d)—GD(c)(x go(x)’c—(n—l)fc x (p(x)dx)

_d"p(d) - c"9(c)
@(d) - D(c)

+(n-1)I,_5, n>2. (45)

The initial two terms I, and I; of the recursive formula (45) can be trivially
computed as follows

Iy, = 1, and
o= _ed-e) (46)
1 ®(d)-D(c) "
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