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Introduction

» There continues to be a global need for stochastic modelling in pension, life assurance,
banking and investment industries

» Beyond the natural application, it is required by regulation in many instances

» The first published stochastic investment model was done by Wilkie in 1986 and updated
and extended in 1995 and 2011

» Limited research has been done in South Africa

» The seminal paper was done by Thomson in 1996 (a model which by his own account had
a number of practical limitations)
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'= Introduction
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» The Wilkie Model (1986, 1995, 2011, 2016, 2017 (4), 2018, 2019, to be continued)

» first comprehensive stochastic model for actuarial applications
» cascade structure — price inflation is the driving force

» yearly data

» long-term forecasting

» Thomson (1996, 2005, 2009, 2010)

» SA data (price inflation, rental yields and growth rates, short-term and long- term
interest rates, dividend yields and growth rates)

» Wilkie type model

» Equilibrium modelling — no arbitrage
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Introduction

» We propose a stochastic investment model for South African use by modelling
- Price inflation;
- Short and long term interest rates;
- Inflation-linked bond yields; and
- Local equity returns

» Thomson’s model used data from 1960-1993. Granger and Newbold (1977) express lack
of confidence of successful model identification with much less than 45-50 observations

» We use data from 1960-2018
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Data

» Data from 1960-2018 has been used

» Inflation Data
- South African Consumer Price Index (CPI) provided by Statistics South Africa

» Equity Data
- Indices used are JSE-Actuaries All Share Index (CI101) by INET

- Thomson proposed use of ADY — Dividend yield on the Index
- Until June 2001

- Data updated until 2001 by IRESS but data then used is J203 (ALSI Total Return Index)
and J202 (ALSI Dividend Yield)
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Data

» Long-term interest bearing securities

- JSE-Actuaries Long Bond Yield (i.e. the 20 year Bond Yield) is used

- Longer than the average outstanding term of quoted long-term interest-bearing
securities

- Quote is JAYC20 (Previously data provided by INET and updated by IRESS)

» Short-term interest rates

- Thomson originally used data provided by Ginsburg Malan and Carsons Money-
Market Index as listed under code GMC1.

- This is now more commonly referred to as the Alexander Forbes Money-Market
Index and was provided by IRESS.
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Data

> Index-linked bonds

- The yields on SA Government bonds in issue since first issuance in March 2000 used
- Data provided by Bloomberg
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'== Structure of the Model
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i Components of the Model
.
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Price Inflation

The model for the Consumer Price Index (CPI), where @); is the value of
CPI at time t, is:

Qt = Q¢_1.exp (6q(t))

0q(t) = g+ aq(0q(t —1) — pg) + €4(2)
eq(t) = 04.24(%)
z(t) ~ N(0,1)

where p, 1s the long-run mean, a, is the autoregressive parameter, o, is the
standard deviation of the residuals and z, is unit normal variables.
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Price Inflation

g () 1960-2018

g 0.0809 (0.0185)

g 0.8433 (0.0670)

o 0.0220 (0.0020)
Log Likelihood 139.05
r.(1) -0.119
r,2(1) -0.043
skewness /1 -0.1031
kurtosis (3 2.7841
Jarque-Bera y* 0.2191
p(x?) 0.8962

» All parameters are significant

» Residuals are independent and
normally distributed

> No ARCH effect
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' Share Dividend Yields

Dividend Yields %
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'5 Share Dividend Yields

y(t) is the yield on the index at time ¢, ym(t) is the moving average effect
of inflation on dividend yields.

ym(t) = dy.04(t) + (1 —dy).ym(t—1)
ye(t) = wyym(t) + (1 —wy).04(t)
Iny(t) = yq(t) + py +yn(t)
yn(t) = ay,.yn(t —1) 4+ ¢€,(t)
ey(t) = oy.2y(t)
5(H) ~ N(0,1)
that is z(¢) is a series of independent, identically distributed unit normal

variates.
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.= Share Dividend Yields

1962-2018 » All parameters are significant
8, (1) AR(1) MA Inflation effect o .
w, 10074 (1.2161) > Slgnlflf:anjc Cross correlat.lo.n betwgen
d, 0.1396 (0.0557) the price inflation and dividend yields
[y 1.2695 (0.1774)  0.3781 (0.1152)
a 0.8266 (0.0727)  0.6318 (0.0890) » Weighted moving average effect of
oy 0.2261 (0.0214)  0.1973 (0.0186) inflation improves the model
Log Likelihood 3.81 11.42 significantly
(1) -0.049 -0.132
r2(1) 0.180 -0.036 » Residuals are independent and
skewness v/31 0.5254 0.2350 normally distributed
kurtosis (9 4.0364 2.9365
Jarque-Bera y? 5.1731 0.5343 » No ARCH effect
p(x?) 0.0753 0.7656
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Share Dividends %
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'5 Share Dividends

D, = P..Y;

where Dy is share dividends, F; is share prices and Y; is share dividend yields.
The logarithm of the dividend growth,

0q4(t) =InD; — InD;_4

dm(t) = dg.04(t)+ (1 —dg).dm(t—1)
d,(t) = wg.dm(t)+ (1 —wgq).04(t)
0q(1) dq(t) + pa + yaey(t — 1) + kq.€a(t — 1) + eq(?)
cq(t) = o0g.24(t)
2a(t) © N(0,1)
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Share Dividends

1962-2018

(Sd(t)

only 9, effect

+ Inflation effect

+ MA Inflation effect

Wa
dg
qd
Hd
Yd
ka
Jd

Log Likelihood
r2(1)
r,2(1)

skewness /51

kurtosis (3

Jarque-Bera y?

p(x?)

0.1549 (0.0278)
-0.1739 (0.0742)
0.3438 (0.1172)
0.1222 (0.0115)
38.27
0.009
0.179
0.0187
3.9069
1.9566
0.3759

0.8462 (0.4902)
0.0885(0.04690)
-0.1773 (0.0712)
0.3660 (0.1141)
0.1190 (0.0112)
39.76
0.031
0.181
-0.0293
3.6078
0.8855
0.6423

~4.7651 (2.9754)
0.6164 (0.2052)

0.0784 (0.0255)
-0.1975 (0.0698)
0.3260 (01217)
0.1116 (0.0105)
43.34
0.038
0.137
0.0051
3.1577
0.0593
0.9708

» All models fit the data well
» All parameters are significant?

» Residuals are independent and
normally distributed

» No ARCH effect

» Moving average effect of
inflation!

O ~0
SECTIONMY MYCOLLOQUIUMZ2DTS



el
AEERARY

- IAA
S AAI

0.25

015 020

-005 000 005 010

Long-term Interest Rates

—— Inflation
=== Long-term interest rates
------ Short-term interest rates

=== Index-linked bonds

I I I | | | |
1960 1970 1980 1990 2000 2010 2020

Year (June)

020
SECTIONAY A coLLo0uIumM2onsy



'= Long-term Interest Rates

For long-term interest rates d.(t), the JSE-Actuaries Long Bond Yield (i.e.
JAYC20, the 20-year Bond Yield) is used as in Thomson (1996 ).

em(t) = de.dg(t) + (1 —de).cm(t — 1)
cr(t) = 0.(t) — we.cm(t)
Incr(t) = In pe.+ cn(t)
cn(t) = ac.en(t—1) + €. (t)
€.(t) = o0c.20(t)
() ~ N(0,1)
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Long-term Interest Rates

Oc(t) 1961-2018
We 1.0
de 0.13
In e -3.3892 (3.37%) (0.1086)
e 0.5665 (0.1117)
o 0.3610 (0.0341)
r.(1) -0.108
r,2(1) 0.109
skewness /31 -0.9368
kurtosis 3 4.2522
Jarque-Bera y? 12.06
p(x?) 0.0024

» Fisher relation:
Nominal rates = Real interest + Implied
Inflation

» Exponentially weighted moving
average effect of inflation

» All parameters are significant

» Residuals are independent but not
normally distributed

> No ARCH effect
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'= Short-term Interest Rates

As in Thomson (1996) the Ginsburg Malan & Carsons Money-Market Index
has been used which is under the code GM(C'1. The short-term interest rates,
dp(t), is obtained as

. GMC1,
GMC1i—4

5y (1) =1

Inde(t) —Inoy(t) = —1In(ds(t)/0c(t))

i.e. the logarithm of the ratio of the rates.

O ~0
SECTIONMY MYCOLLOQUIUMZ2DTS



el
AEERARY

':g Short-term Interest Rates
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'= Short-term Interest Rates

0p(t) = 0c(t). exp(—bd(t))

bd(t) = b+ ap.(bd(t —1) — up) + (%)
Gb(t) — (Tb.Zb(t)
%) S N(0,1)
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Short-term Interest Rates

bd(t) 1962-2018

Lbp 0.1568 (0.0596)

ap 0.5527 (0.1116)

o 0.1996 (0.0189)
r.(1) -0.095
r.2(1) 0.098
skewness /51 -0.2012
kurtosis 39 3.1408
Jarque-Bera y? 0.4318
p(x?) 0.8058

» Log-ratio is modelled as AR(1)
» All parameters are significant

» Residuals are independent and
normally distributed

» No ARCH effect
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'= Nominal Yield Curve

Y (t,n) = 8.(t) + (6p(t) — 6c(2))e P

Y (t,n): yield at time ¢ for term n
0p(t): short-term interest rates
0.(t): long-term interest

B: a constant
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Figure 12: Nominal yield curve with 8 = 0.1
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Figure 14: Nominal yield curve with g = 0.3
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Figure 13: Nominal yield curve with 8 = 0.2
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Figure 15: Nominal yield curve with 8 = 0.4
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Index-linked Bond Rates
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Index-Linked Bonds

=+ ap.(00(t — 1) — py) + €0 (1) + b-0p(1) + €,.(1)

=  0,.2:(1)

S ON(0,1)

. index-linked bond rates
. long-term interest rates
. short-term interest rates
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Index-Linked Bonds

2000-2018

0 (t) AR(1) dc(t) and 0y (1) de(t) Op(t)
- included (y omitted
[l 0.0222 (0.0033) 0.0438 (0.0316) -0.0118 (0.0266)  0.0038(0.0071)
ay 0.7194 (0.0618)  0.5942 (0.0957)  0.6877 (0.0745) 0.6174 (0.0698) 0.6165 (0.0703)
Cp -0.2721 (0.1582)  0.1163 (0.0889)
b, 0.2142 (0.0727) 0.0973 (0.0419) 0.1144 (0.0272)
Tr 0.0033 (0.0004)  0.0038 (0.0007)  0.0034 (0.0004)  0.0029 (0.0003) 0.0030 (0.0003)
Log Likelihood 77.10 74.61 76.95 79.46 79.32
ry(1) 0.038 -0.068 -0.060
r,2(1) -0.072 -0.230 -0.151
skewness /31 -0.2749 -0.3155 -0.3418
kurtosis 39 2.2125 2.2151 2.3209
Jarque-Bera 2 0.7303 0.8030 0.7349
p(x?) 0.6941 0.6693 0.6925
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':= Parameter Stability
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Estimates for parameter q,
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» Developed a stochastic investment model for SA actuarial
applications based on integrated economic series

» Models fit well and the residuals are normally distributed (long-
term interest rates!)

» Parameter stability should be analysed in detail

> Yield- curve models can be combined with the other economic
series
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> Real yield curve model
» daily index-linked bond rates for 2000-2018
» maturities — vary from 1 to 20 years, even longer
» a descriptive yield curve model to fill the missing values in the data

» applying principal component analysis to obtain uncorrelated variables
— level, slope, curvature

» exploring bi-directional relation
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