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Abstract

The objective of this paper is to create a "realistic" and "quantitative" model for determining asset

1.

Introduction

allocation in insurance companies. Applying a quantitative model to insurance companies is often
difficult due to the following three characteristics: 1) the large number of assets and the difficulty in
maneuvering them, 2) the need to consider liability risk, and 3) the frequent influence of accounting and
regulatory constraints. In this paper, the author has constructed a new model that overcomes these
characteristics. In constructing the model, the hierarchical risk parity approach and the Black-Litterman
method were referenced. The main features of the model are as follows: 1) clustering and hierarchically
optimizing asset allocation to ensure robustness, 2) using the Black-Litterman method to calculate
expected return rates, 3) adding constraints for asset fluctuations, 4) evaluating risk in consideration of
liabilities, and 5) using a risk-adjusted return index in the objective function during optimization.
Furthermore, a Monte Carlo simulation was conducted to compare the proposed method with five
existing models. The results showed that the proposed method optimizes risk-return while minimizing
changes in asset allocation when compared to other models, and its usefulness was confirmed.

Algorithm (CLA) [1]. However, several problems

It is often difficult to apply a quantitative model
such as “efficient frontier” (Markowitz, 1952) in
practice. The purpose of this paper is to create a
"realistic" and "quantitative" model for determining
an insurance company's asset allocation. It can also
be applied to non-insurance companies with huge
balance sheets. Following three features make it
difficult to apply a quantitative model.

- The assets of insurance companies are
enormous, often exceeding hundreds of
billions of dollars, and it is difficult to
reorganize it frequently.

- The assets of insurance companies are
enormous, often exceeding hundreds of
billions of dollars, and it is difficult to
reorganize it frequently.

- insurance companies are often subject to
accounting and regulatory constraints.

An insurance company's portfolio optimization

model should meet following five requests.

- To limit the variation from the current asset
allocation to some extent

- To optimize the model based on the risk
characteristics of very long-term liabilities

- To provide flexibility to choose which
indicators, such as accounting profit, surplus,
ESR, etc., are to be maximized;

- To allow the company to look ahead to the
financial environment scenarios within the
company

- To be robust

The most famous asset allocation optimization
method would be Markowitz’s the Critical Line

have been identified with this model, which can be
divided into two main categories.

The first is the difficulty in estimating the
expected rate of return. Michaud [4] showed that it
has been pointed out that a slight difference in the
expected rate of return can result in the formation of
completely different portfolios (Michaud, 1998).

The second is the issue of the variance-covariance
matrix. Lopez [3] pointed out that as the number of
factors increases, the "condition number" of the
variance-covariance matrix (the ratio of the
maximum and minimum eigenvalues of the matrix)
increases, resulting in a biased optimized portfolio
[51.

De Miguel et al. [6] pointed that these two issues
point out that the performance is inferior to the
equal-weighted portfolio in the out-of-sample.

2. Material and Method

2.1 Assignment setting

Consider the asset portfolio optimization problem
in a life insurance company. The company's assets
are enormous, the risk of liabilities is taken into
account, and the company has a reasonable outlook
on the market.

2.2 Proposed model: HBL

2.2.1 Overview

To overcome two main weaknesses of CLA, The
proposed model is devised with reference to two
previous studies. This paper introduced the
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Hierarchical Black-Litterman model (HBL).

First, this model used the Black-Litterman model
[2] in estimating the expected rate of return. In this
paper, the Black-Litterman market portfolio utilizes
the pre-optimized portfolio. Specifically, it assumes
the pre-optimized portfolio to be efficient, and then
sets the prior distribution of expected returns. The
optimized portfolio, on the other hand, represents a
rebalanced portfolio taking into account the
financial environment outlook.

Second, the Hierarchical Risk Parity (HRP)
approach [3] was applied to this model to resolve
issues arising from the "condition number" of the
variance-covariance matrix.

In addition to these, HBL had there features. First
is the addition of constraints on asset changes. The
second is that the optimization is limited to assets
only and incorporates liability information only for
the risk penalty. The third point is the use of a risk-
adjusted return measure as the objective function
during optimization.

2.2.2 Details

.....

them is computed with entries {p, } . The first
Tij=1,..,

step is to calculate the expected rate of return using
the Black-Litterman method. Next, following HRP,
tree clustering is performed. The distance measure is

defined as ¢, = m

Then, define clusters using agglomerative
clustering whose method is single by the distance
measure.

Next, recursively replace for each node of the
cluster with its respective component. Finally,
Adjust the portfolio as in the following algorithm.

2023 INTERNATIONAL
CONGRESS OF ACTUARIES
28 MAY - 1 JUNE 2023 * SYDNEY

o Actuaries

Inteanaliona] Athnarial Assotiation

CIAA
\“ Assotiation Actuarielie Internaticnale

Algorithm

Inputs / Definitions:

w: all assets weights vector

wg: Debt exposure

X: variance-covariance matrix

{L;}i=1,n: each node of the cluster, L, covers all assets
w;(i =1, ...N) : Weights of assets in the node L;

Settings:

Wpax (€(0,1]) : Parameter for what percentage of total
assets to allow to change in one optimization

Omax (E[1,0]) : Parameter that defines how many times
the increase in volatility is allowed in one optimization.
f (w(asset weights) — R): Maximizing utility function.

ex) f(w) =w'u —2.57Vw'iw
output: wy,: optimized portfolio

1: function HBL
2 w = initial portfolio
3: fori=1,..Ndo
4: bisect L; into two subsets, L} U L? = L;, where
o1
(|2t = me 1))

wl-1 wiz
S: Wi(cx).—wn+wd+am—am
6: Q; = {a; € [~Wpqgx, Winax] [
w(a)' Zw(a) < pmaxw(0)'Zw(0)}
7: a; = argmax f(w(a))
a€eQ;
8: re — scale allocations
1 w2
w=w+a — —a} 12
lwi| Iwi
9:  end for

10: returnw
11: end function

2.3 Monte Carlo simulation
Assume there were 10 asset classes ({X;}i=1,_.10)>
and one of them (X,) has about 50% debt to total

assets. The initial portfolio was following.
X, = 0.4

{X _ 0.6}
Y8 lioie

Xo=0

First, 10 series of random Gaussian returns were
generated, which have 520 observations, equivalent
to 2 years of daily history. Randomly select 3 out of
10 assets that have an annualized rate of 10% and 3
out of 10 assets that have an annualized rate of -10%.
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All assets’ arbitrary standard deviations were 10%.
As Prado (2016) did, to resemble real prices, random
shocks and a random correlation structure were
added to generated data.

Second, six portfolio optimization methods
were computed by looking back at 260 observations
(a year of daily history). These portfolios are re-
estimated and rebalanced every 22 observations
(equivalent to a monthly frequency).

Third, the out-of-sample returns were
calculated. This procedure is repeated 10,000 times.

2.4 Benchmark models

For benchmarking the HBL, five models are chosen.
w({w;}i=o,.0): all assets weights vector

wg: Debt exposure

2({01'1}“: o)t Variance-covariance matrix

- the Inverse-Variance Portfolio (IVP)
9
1 1

w;=—+ —_—

g; i g,
i, %=0 kk

- the Minimum-Variance Portfolio (MVP)
w = arg mvén(w' +w)EW +wy)

9
s.t. Zwi =1,w;>0(=0,..9)

k=0

- the Critical Line Algorithm (CLA)
Let u be the average annual return for each
asset in the in-sample.
w=arg m‘gn(w' +w)ZWw + wy)
9
s.t. Zwi =1,w;=0i=0,..9)

k=0
9
Z wi'u = 0.03
k=0

- the Black-Litterman model (BL)
Using the average annual return for each
asset in the in-sample and the initial portfolio
weights, calculate the expected rate of
annual return y*.
w= argm‘gn(w' +w)ZWw + wy)

9
s.t. Zwi =1w; =200 =0,..9)
k=0

Z wi'u* > 0.03
k=0
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- the Hierarchical Risk Parity (HRP)
Following Prado (2016), Clustering is performed
by defining a distance matrix from the correlation
of each asset. After initially giving equal weights
to all assets, hierarchical optimization was
performed by IVP.

2.5 Evaluation

Using one simulation as an example, the
portfolios of each of the asset portfolio optimization
methods were analyzed.

We calculated average out-of-sample annual
rate of return, volatility of annual rate of return, and
difference between pre- and post-optimized
portfolios over 10,000 Monte Carlo simulations.

3. Results

3.1 Portfolio status of one simulation

Table 1

Annual Returns in-sample for 10 assets in a Monte Carlo
simulation. Assets 0, 2, and 5 had positive returns, while
assets 3 and 9 have large negative returns due to stressed

Asset 0 1 2 3 4
In-sample return 19% 2% 18%  -49% -17%
Assct 5 6 7 8 9
In-sample return 17%  -13% 2% -8% -49%
correlation
-10
o
- -08
™ -06
=
- - 04
1]
- 0.2
-
= - 0.0
(=11
o 1 2 3 4 5 6 7 B 9
Figure 1

As Prado (2016) did, this correlation matrix was
computed on random series X = {X;};-o, ¢ drawn as
follows. First, 5 random vectors from a standard Normal
distribution were drawn, X {Xj = Z}__ . Second, 5
j=0,...4
random integer numbers from a uniform distribution
were drawn, with replacement, ¥ = {8 }x=o,...4. Third,
Xsix=Xy, + %Z, YVk=1,...,5was computed. This
forced the 5 last columns to be partially correlated to
some of the first 5 series.

Institute of Actuaries of Australia
ABN 69 000 423 656

Level 2, 50 Carrington Street, Sydney NSW Australia 2000

t+61 (0) 29239 6100

e actuaries@actuaries.asn.au  w www.actuaries.asn.au




2023 INTERNATIONAL
CONGRESS OF ACTUARIES

( ﬂ 28 MAY - 1 JUNE 2023 * SYDNEY

BRIDGE TO TOMORROW AAWES ) mmemsieee,

4. Discussion

Six models were evaluated from three
perspectives: first, whether the model considered
expected returns; second, whether the model
considered liability risk; and third, whether the
model addressed “condition number” issues as Table
3 shows.

10

08

Table 3 Characteristic of 6 models

3 Return debtrisk  condition
g number
04 IVP - - -
= MVP - v .
- CLA v v -
02 |/mm 4 BL v v -
= HRP - - v
= HBL v v N

00+

CLA
model

Figure 1 shows that the MVP and CLA models,

Figure 2 . > - ‘ -
Each assets” weights of the initial portfolio and six WhICh cons1dered.debt risk, had a relatively high
methods’ ones. IVP, HRP were equal to the weight of ratio of asset 0 with debt, while the IVP and HRP
any asset. The other models had a large weighting of models did not have a high ratio of asset 0.

asset 0. HBL has a very similar portfolio to the initial

model (INIT). In Table 1, the assets with the highest in-sample

returns were 0, 2, and 5, and these assets were
overweighted in the return-conscious models BL,

3.2 Results of 10,000 Monte Carlo simulations
CLA, and HBL. As a result, Table 1 shows that these

The out-of-sample annual returns, their models showed high performance in 10,000 Monte
volatilities, and their differences from the averaged Carlo simulations.
initial portfolio were shown in Table 2. The three )
models with positive returns were CLA, BL, and Figure 1 shows that the MVP, CLA, BL, and HBL
HBL, with BL having the highest returns. The models, which considered debt risk, had a relatively
models with relatively low volatility were the MVP, high ratio of asset 0 with debt, while the IVP and
CLA, BL, and HBL models, with the MVP model HRP models did not have a high ratio of asset 0. As
having the lowest volatility. Initially, the HBL model a result, Table 2 shows that the standard deviations
had an outstandingly low variance from the portfolio. of IVP and HRP were relatively large for 10,000
Monte Carlo simulations.
Table 2 Results of 10,000 Monte Carlo
simulations Figure 2 and Table 2 show that The HBL model
Return Return Allocation had a volatility constraint, which kept the volatility
mean std change of assets as low as one-sixth to one-ninth that of
IVP -2.01% 16.72% 68.10% other models.
MVP -0.01% 1.13% 68.44%
CLA 1.79% 4.20% 86.07% 5. Conclusions
BL 2.24% 4.55% 91.08% ; ;
The HBL 1 th h
HRP 501% 16.71% 75.85% e model proposed in this study showed

high performance on Monte Carlo simulation while
controlling the volatility of the assets.

On the other hand, there are some disadvantages,
such as the large number of parameters, which are
difficult to adjust, and the inability to apply
weighting constraints to individual assets.

HBL 1.36% 6.85% 10.01%

Institute of Actuaries of Australia

ABN 69 000 423 656

Level 2, 50 Carrington Street, Sydney NSW Australia 2000
t+61 (0) 29239 6100

e actuaries@actuaries.asn.au  w www.actuaries.asn.au




€

BRIDGE TO TOMORROW

6. Reference
[1] Markowitz, H. “Portfolio selection.” Journal of
Finance, Vol. 7 (1952), pp. 77-91.

[2] Fischer Black and Robert Litterman. Asset
allocation: Combining investor views with market
equilibrium. Fixed income research, Goldman Sachs,
September 1990.

[3] Lépez de Prado, M. Building Diversified
Portfolios that Outperform Out-ofSample. Journal of
Portfolio Management, 2016.

[4] Michaud, R. Efficient asset allocation: A
practical guide to stock portfolio optimization and

asset allocation. Boston: Harvard Business School
Press (1998).

[5] Bailey, D. and M. Lopez de Prado. “The Deflated
Sharpe Ratio: Correcting for Selection Bias,
Backtest Overfitting and Non-Normality.” Journal
of Portfolio Management, Vol. 40, No. 5 (2014), pp.
94-107.

[6] Victor DeMiguel, Lorenzo Garlappi, Raman
Uppal: Optimal Versus Naive Diversification: How
Inefficient is the 1/N Portfolio Strategy? , The
Review of Financial Studies / v 22 n 52009

2023 INTERNATIONAL
CONGRESS OF ACTUARIES
28 MAY - 1 JUNE 2023 * SYDNEY

& Actuaries P ] -
Institute SR oo ot
Australia TENAL mesociation actarietie Internatienale

Institute of Actuaries of Australia
ABN 69 000 423 656

Level 2, 50 Carrington Street, Sydney NSW Australia 2000

t+61 (0) 29239 6100

e actuaries@actuaries.asn.au  w www.actuaries.asn.au




