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Introduction

« Consider the selection of mortality model and
Its parameters, based on actual mortality rates.

» The objectives are as follows:
(1) To discuss the structure and correlations of mortality
(2) To predict the future mortality rates

« Only actual mortality rates will be used.
(Cause-specific mortality rates or other explanatory
variables will not be considered)
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Data used in this research

* Mortality data from the Japanese Mortality Database
(JMD) is used.

* Following enftries in JMD are used as mortality rates m,, ;.

-my, . Age inferval 1 x Year interval 1" in "Death rate "
of "All Japan: Life Table Data Series".

« The range of data is as follows:
- Age : 20 to 100 years old
- Year : 1981-2020 (40 years) .
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(1) Lee-Carter (LC) model

» LC model describes the mortality rate m, . as follows.

(Lee and Carter (1992))

log My = Ay T Bx K T Ext
( a, : average level of mortality
K; : mortality trend against year
B, : sensitivity of k;
Ex ¢ * €rror term

\
« Since identification problem for the parameters,
the following conditions are commonly used.

Z,Bx=1, ZKt=O

Falnos
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(1) Lee-Carter (LC) model

» LC model describes the mortality rate m, . as follows.
(Lee and Carter (1992))

log My = Ay T Bx K T Ext
« Least squares method is used for parameter estimation.
argmin (log Myt — Ay — Py - Kt)z
2
- This is equivalent to estimating the parameters by the

maximum likelihood method, assuming that logm, ;
iIndependently follows a normal distribution. 7
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« Estimated parameters (ma
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(1) Lee-Carter (LC) model
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log Myt = Uy + By - K + Ext
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| &x, ¢ error term

a, : average level of mortality
K: : mortality trend against year
B, : sensitivity of k;
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(2) Renshaw-Haberman (RH) model

« RH model extends LC model to reflect cohort effects.

(Renshaw and Haberman (2006))

1 2
lOgrnx,t = Qy + ﬁs(r ). K + ﬁs(r ). Yi—x + Ext

{ Yi—, : mortality trend against year of birth

,EZ) : sensitivity of y;_,

» Following conditions are commonly used like LC model.
z ﬁ)EZ) =1, zyt—x =0

» To avoid overfitting, RH model without ,8352) Is also used.
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(2) Renshaw-Haberman (RH) model

« RH model extends LC model to reflect cohort effects.

(Renshaw and Haberman (2006))
(1) (2)

logmx,t = Qy + ﬁx Ky T+ ﬁx "Vi—x T Ext
« Least squares method is used like LC model.

2
. 1 2
argmin E (logmx,t -, — ,E ). Ky — ,E ) °yt_x)

x,t

(Equivalent to maximum likelihood method,
assuming normal distribution.)

10
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(2) Renshaw-Haberman (RH) model
« Estimated parameters (male, age 20-100, 1981-2020)

20
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(1) (2)
4>'<;_ > logmy =ay + By ke + By - Veex + Ext
{Y:—, : mortality trend against year of birth
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(3) LC-State Space (LC-SS) model

« An extension of LC model using the framework of the
state-space model. (Pedroza (2006), Lazar and Denuit (2009))

* |In LC-SS model, k; is assumed to follow random walk with

driff.
log my; = 0y + ﬁx K T Ext
Kt — Kt_l‘l‘e‘l‘ut
ut""N(O, 0-12), Ex,t NN(O, 0-22)

12
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(3) LC-State Space (LC-SS) model

« Parameters a,, B,, 6 and g4, 0, are estimated as
maximizing the simultfaneous density function of logm, ;.

] np(logmx,t | Kt 5 0y P 02) X HP(’Q | K¢—q 5 6,01) die
K “xt t

« Estimated parameters (male, age 20-100, 1981-2020)

A

d & 5

LC-SS model -1.30767 1.24837 0.04591

13
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Existing morality models (.c model, RH model)

» Assume that observed value m, , follow probability
distribution consisting of mortality model + error term.

— Estimate parameters from observed value m,, ;.

Observed values my

m, ¢ - mortality rate of age x, year t

Estimate

Arise

(Ex: Lee-Carter model)
logmy s = @y + By - Kt + Ext

Mortality model

15
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Existing morality models (.c-ss model)

» Assume that observed value m, , follow probability
distribution consisting of mortality model + error term.

« Some parameter follows tfime series model (state model).

Observed values My ¢ m, . - mortality rate of age x, year t
e

Arise f - '~ Estimate ! logmy; =y + By K+ &y :
\N7 L o o o o e

Mortality model

™ T
> - 2 -

S .
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Ouvutline of proposed model

« Assume the following state-space model.
- True mortality m, . follow unobserved time series model.
- m,, follow m, . + error ferm.

Observed values m,

m, ¢ - mortality rate of age x, year t

1

T ™ ™

_____________________________

> - CF >

Structure of mortality model

17
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Assumptions of proposed model
Assumption 1: m, , depends only on the same group.

- My depends only oN My_q ¢, My—2 -2, - -

- “Riskiness" of group is inherited to a certain extent over time.

Assumption 2: Variafion of m, , are independent of each ofher.

-Forany (xq,t1) # (xa,t2), Wiy ¢ My —16 -1, My, —2t,—2, ... AN
My, t,|Mx,—1,t,-1 Mx,—2,t,—2, .. Ar€ Assumed to be independent.

- Variation of the "riskiness" is independent of past variation of
same group or variation of other groups.

— Use random walk with drift as state model I8
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Proposed model
* Proposed model is expressed as follows:
logmy,, — pye =108My 11 — Hx—1-1 + Uy
logm,, =logm,, + &,
U, ;~N(0,01%),  &;;~N(0,0,2)
where u, . = a, + Py - k¢, which means thaft
expectatfion of logm, , has structure of LC model.

« Noftfe that this model is one extension of LC model.
-When u,, =0, i.e. g; = 0, this model is consistent with
LC model.

19
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Proposed model

« Parameters a,, B, k; and oy, g, are estimated as
maximizing the simultaneous density function of logm, ;.

| T ]ptogmee 11ogice; 02) x| [pliog e 110 s . i) dlog
1 m x,t t

ogim

« Estimated o; and o, (male, age 20-100, 1981-2020)

01 a; (6)

LC model - 0.04581

RH model (with g% - 0.03632
RH model (with g?) - 0.04013
LC-SS model 1.24837 0.04591
Proposed model 0.01617 0.02499

20
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Data used in this research (repeat)

* Mortality data from the Japanese Mortality Database
(JMD) is used.

 Following enftries in JMD are used as mortality rates m,, ;.

-my, . Age inferval 1 x Year interval 1" in "Death rate "
of "All Japan: Life Table Data Series'.

« The range of data is as follows:
- Age : 20 to 100 years old
- Year : 1981-2020 (40 years)

22
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(1) Comparison of fit o actual data

« To evaluate the fit of each mortality model to actual data,

compare AIC and BIC.
- AIC = —2 X (log likelihood) + 2 X (number of free parameters)
- BIC = —2 X (log likelihood) + (number of free parameters) X log(data size)

 How to calculate log-likelihood

(1) LC model, RH model
Measure likelihood assuming that log m, , follows normal distribution.

(2) LC-SS model, Proposed model
Marginalize random variables in state model and measure likelihood.
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(1) Comparison of fit o actual data
« Resultis as follows. (male, age 20-100, 1981-2020)

model fregggger;gers log likelihood AIC BIC
LC model 201 5392.16  -10,382.31 -9,159.56
RH model (with g 392 6,14424  -11,504.48  -9,119.82
RH model (with g?) 312 5821.12  -11,01823  -9,120.23
LC-SS model 163 5202.80  -10,079.59  -9,094.16
Proposed model 201 6,071.95 -11,741.90 -10,526.74

« Both AIC and BIC are smallest for the proposed method.
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(1) Comparison of fit to actual data
« Resultis as follows. (female, age 20-100, 1981-2020)

model fregggger;gers log likelihood AIC BIC
LC model 201 5,032.07 -9,662.14  -8,439.39
RH model (with g 392 5,704.71  -10,625.4] -8,240.75
RH model (with g 312 532551  -10,027.02  -8,129.02
LC-SS model 163 4,821.25 9,316.50  -8,831.07
Proposed model 201 5,651.36 -10,700.73 -9,485.56

« Both AIC and BIC are smallest for the proposed method.

25
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(1) Comparison of fit to actual data

« Estimated value of proposed method is like that of RH model.

<1o confidence intervals for mortality estimates> (male, age 60, 1981-2020)
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(1) Comparison of fit o actual data

 RH model reflects "average"” cohort effect, while proposed
model assumes "correlation” within same group.

— Proposed model is considered to be a good fit because
It captures correlation of residuals from "average”.

1.15

t-x=1930

1.10

1.05
= e e e e e e 1.00
' Ex) LC and RH model estimates | ..
. of male, birth year 1930 . e
i (LC model estimates are setto 1) ! . Actual value
_____________________________________________________ 1981 1991 2001 2011 2020 27

Year (t)
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(2) Prediction of future mortality rate

« Of 40 years of data from 1981 to 2020,
mortality rates for the remaining 10 years after 2010 are

predicted from 30 years of data up to 2010.

 How to predict future mortality rate

(1) LC model, RH model
Future k; and y;_, are generated using random walk with drift.

K = Kiq + 6+ &, g.~N(0,0%),
Ve-x = Ye—x—1 T 0 + &y, gt_x~N(0, 0’2) :

28
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(2) Prediction of future mortality rate

 How to predict future mortality rate

(2) LC-SS model, Proposed model
- Using the latest distribution of k, or log m, ; obfained by maximum
likelihood estimation, future mortality is estimated from the state
model estimates and observation errors.
- In proposed method, as in LC model, future k; is estimated
using random walk with drift.

29
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(2) Prediction of future mortality rate

« Resultis as follows.

log likelihood
model
male female
LC model 358.86 263.76
RH model (with B¢?) -2,921.17 -70,485.05
RH model (with g¥) -7,473.97 -9,592.60
LC-SS model 142.22 -60.80
Proposed model 1,168.67 452.54

« Log likelihood is biggest for the proposed method.

30
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(2) Prediction of future mortality rate

« |n addition to being able to reflect more current trends,
proposed method better captures future uncertainty.

: LC model RH modelé(with beta2) RH model (w%thout beta2)
45 -45 4.5
2 2 2
E 50 E 50 E 50
@ Q0 0 —
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5.5 L 5.5 L 5.5
1981 1991 2001 2011 2020 1981 1991 2001 2011 2020 1981 1991 2001 2011 2020
Year (t) Year (t) Year (t)
-4.U
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! 1
i 1o confidence intervals '
4.5 45 : : :
| . . . i
3 3 o ' for predicting future mortality :
€ € . R ! I
E so w 20 |[—Aarvane R ' (mdle, age 60) I
_O —O = = = Estimated value : ’ 1 :
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Summary

* Propose new mortality model using state-space model.
- In proposed model, mortality rate arising from “true” mortality is
observed according to time series model while “true” mortality
Is not directly observable.
- Use random walk with drift as state model that only considers
correlations with the same group one year earlier.

« Through numerical experiments, proposed model has
been compared with existing models and it has been
confirmed that proposed model showed better results.

33
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Future tasks

« Selection of appropriate time series model as state model

- In this study, random walk with drift that depends only on the
Most recent same group is used, but the appropriateness of the
assumptions should be discussed.

- Evaluation of validity of proposed model or model selection for
state model will be the subject of future work.

« Comparison and verification of existing and proposed
models from various perspectives

34
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