


Context

▶ Increased accessibility to granular-level insurance claims data.

▶ Aggregate vs individual approach.

▶ Multi-coverage contracts are common in non-life insurance :

- Automobile insurance

- Homeowners insurance

- Workers' compensation

▶ Methods capable of accommodating dependence among multiple claim types at the individual level remain

scarce.



Context

▶ Develop an individual loss reserving method speci�cally designed for insurance policies providing multiple

types of coverage.

▶ Objective : leverage information across coverage types and settlement delays for the dynamic prediction of

outstanding liabilities.

- Some lines of business have shorter claim tails than others.
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Key Insights

▶ Copula-based individual loss reserving method for multi-coverage insurance :

H(F1(y1|Xi ), . . . ,Fk (yk |Xi ),FT (t|Xi ))

- Between loss amounts

- Between loss amounts and settlement delay

▶ The importance of considering both types of dependence for accurate reserving prediction and uncertainty

quanti�cation is stressed.

▶ Imbalanced and censored observations : Computationally e�cient algorithms for parameter estimation and

dynamic prediction are proposed.

▶ Accounting for dependence : enables updating predictions for losses in one coverage type based on the loss

development in other coverage types.
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Notation

Insurance policy o�ering k types of coverage :

▶ Y
(l)
i : Loss amounts for coverage l = 1, ..., k

Y
(1)
i : Automobile physical damage coverage (APD)

Y
(2)
i : Loss of Use coverage (LU)

Y
(3)
i : Bodily injury coverage (BI)

▶ Ti : Settlement delay



Coverage information

Coverage information is available at the time of claim submission :

▶ Reasonable assumption for personal automobile insurance.

▶ If not applicable in certain contexts, our proposed method remains valuable.

Notation : η
(l)
i

▶ Binary variable : coverage l is activated for the ith claim



Dynamic prediction

Claim's progression τ ∈ [0,Ti ]

▶ Total cumulative partial payment up to time τ : Y
(l)
i (τ)

▶ Ultimate losses Y
(l)
i = Y

(l)
i (Ti )



Right-censored data

δi = 1(Ti ≤ Ci )

▶ Claim-speci�c valuation time : Ci

▶ T̃i = min{Ti ,Ci}

▶ Ỹ
(l)
i = Y

(l)
i (T̃i ) = min{Y (l)

i (Ti ),Y
(l)
i (Ci )}





Methodology

▶ Accelerated failure time model (AFT) for the settlement time Ti

log(Ti ) = β0 + β1Xi1 + β2Xi2 + σWi

Wi |Xi ∼ F0(w) = 1− exp{− exp(w)}

Here Wi is the Gumbel distribution. Under this formulation, Ti is Weibull distribution with CDF and

hazard function:

FT (t|Xi ) = 1− exp

−
(

t

exp(X ′
i β)

) 1

σ


λT (t|Xi ) = λ0(t) exp

{
−X ′

i β/σ
}
=

1

σ
t
1

σ
−1 exp

{
−X ′

i β/σ
}
.



Methodology

▶ Parametric regression model for the ultimate payment Y
(l)
i

Y
(l)
i |Xi ∼ Fl (y ;µ

(l)
i ,ϕl )

µ
(l)
i = sl (Xi ;α

(l))

We can choose the parametric distribution based on the speci�c characteristics of our data.

Numerical experiments : Gamma distribution

Numerical application : Generalized Beta distribution of the second kind

(tail behavior di�ers across coverage types)



Methodology

Joint model : (k + 1)-variate Gaussian copula

▶ H(u1, . . . , uk , uk+1) = Φk+1(Φ
−1(u1), · · · ,Φ−1(uk ),Φ

−1(uk+1);Σ)

▶ Symmetric : H̄ = H

▶ ∂l :T H̄(u1, . . . , uk , uk+1) =
∂ l+1

∂u1···∂ul∂uk+1
H̄(u1, . . . , uk , uk+1)

= Φk−l ((Σ22 −Σ21Σ
−1

11
Σ′

21
)−1/2(z2 −Σ21Σ

−1

11
z1))

ϕl+1(z1)

ϕ(Φ−1(u1)) · · ·ϕ(Φ−1(ul ))ϕ(Φ−1(uk+1))

Numerical experiments :

Σ =

(
ΣYY ΣYT

Σ′
YT 1

)
=


1 ρYY ρYY ρYT

ρYY 1 ρYY ρYT
ρYY ρYY 1 ρYT
ρYT ρYT ρYT 1



Numerical application : unstructured correlation matrix
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Estimation

Both open and closed claims :

L(θ) =
n∑

i=1

{
δi log f (ỹ

(1)
i , . . . , ỹ

(k)
i , t̃i |Xi ,ηi ) + (1− δi )S(ỹ

(1)
i , . . . , ỹ

(k)
i , t̃i |Xi ,ηi )

}
,

where

f (ỹ
(1)
i , . . . , ỹ

(k)
i , t̃i |Xi ,ηi ) = fT (t̃i |Xi )

k∏
l=1

{
fl (ỹ

(l)
i |Xi )

}η
(l)
i

× h(F1(ỹ
(1)
i |Xi ), . . . ,Fk (ỹ

(k)
i |Xi ),FT (t̃i |Xi )|ηi ),

S(ỹ
(1)
i , . . . , ỹ

(k)
i , t̃i |Xi ,ηi ) = H̄(1− F1(ỹ

(1)
i |Xi ), . . . , 1− Fk (ỹ

(k)
i |Xi ), 1− FT (t̃i |Xi )|ηi ).

Computationally ine�cient and impractical.
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Stage-wise estimation

1. Estimate parameter θT in the marginal model for the settlement time Ti by

θ̂T = argmaxLT (θT )

where

LT (θT ) =
n∑

i=1

{
δi log fT (t̃i |Xi ) + (1− δi ) log(1− FT (t̃i |Xi ))

}
.



Stage-wise estimation

2. For l = 1, ..., k, and η
(l)
i = 1, estimate simultaneously :

▶ Marginal model parameter θl for coverage-speci�c loss variable Y
(l)
i

▶ Dependence parameter θlT in the bivariate copula for pair (Y
(l)
i ,Ti )

θ̂l , θ̂lT = argmaxLl (θl ; θ̂T ),

where

Ll (θl , θlT ; θ̂T ) ∝
n∑

i=1

δi

{
log fl (ỹ

(l)
i |Xi ) + log hl :T (Fl (ỹ

(l)
i |Xi ),FT (t̃i |Xi ))

}

+
n∑

i=1

(1− δi ) log H̄l :T (1− Fl (ỹ
(l)
i |Xi ), 1− FT (t̃i |Xi )).



Stage-wise estimation

3. Estimate dependence parameters θΣYY
based on the full likelihood by

θ̂ΣYY
= argmaxL(θΣYY

; θ̂1, . . . , θ̂k , θ̂T , θ̂ΣYT
),

where

L(θΣYY
; θ̂1, . . . , θ̂k , θ̂T , θ̂ΣYT

)

∝
n∑

i=1

δi log g(F1(ỹ
(1)
i |Xi ), . . . ,Fk (ỹ

(k)
i |Xi ),FT (t̃i |Xi )|ηi )

+
n∑

i=1

(1− δi ) log Ḡ(1− F1(ỹ
(1)
i |Xi ), . . . , 1− Fk (ỹ

(k)
i |Xi ), 1− FT (t̃i |Xi )|ηi ).

To further improve computational e�ciency, θΣYY
can be estimated pairwisely based on conditional

distribution (Y
(l)
i ,Y

(l′)
i )|Ti .





Finite Sample Performance

Sample size (number of claims m) : 500 and 1000

Association parameters : low (0.15), medium (0.5), and high (0.85)

Replication : 100 times

Table 1: Performance of stage-wise estimation: Sample size = 500

Correlation Low Medium High

Parameters Bias SE Bias SE Bias SE

β
(T )
0

= 4.50 0.0012 0.0013 0.0023 0.0013 0.0029 0.0015

β
(T )
1

= 0.25 0.0056 0.0020 0.0049 0.0024 0.0039 0.0021

β
(T )
2

= 0.05 0.0022 0.0010 0.0029 0.0011 0.0015 0.0010

σ(T ) = 2.00 0.0120 0.0035 0.0076 0.0037 0.0148 0.0036

α
(1)
0

= 5.00 0.0009 0.0005 0.0024 0.0006 0.0002 0.0005

α
(1)
1

= 2.50 0.0043 0.0008 0.0012 0.0008 0.0032 0.0008

α
(1)
2

= 0.50 0.0003 0.0004 0.0019 0.0005 0.0001 0.0004

ϕ(1) = 0.20 0.0013 0.0003 0.0006 0.0003 0.0014 0.0003

α
(2)
0

= 4.50 0.0005 0.0003 0.0007 0.0003 0.0003 0.0002

α
(2)
1

= 1.50 0.0005 0.0004 0.0005 0.0004 0.0015 0.0004

α
(2)
2

= 0.50 0.0005 0.0002 0.0007 0.0002 0.0002 0.0002

ϕ(2) = 0.10 0.0006 0.0001 0.0002 0.0002 0.0006 0.0002

α
(3)
0

= 6.00 0.0018 0.0004 0.0018 0.0004 0.0003 0.0004

α
(3)
1

= 2.00 0.0001 0.0006 0.0015 0.0007 0.0011 0.0006

α
(3)
2

= 0.50 0.0001 0.0003 0.0009 0.0003 0.0005 0.0003

ϕ(3) = 0.15 0.0007 0.0002 0.0009 0.0002 0.0009 0.0002

θ1,T 0.0012 0.0022 0.0057 0.0016 0.0031 0.0007

θ2,T 0.0077 0.0020 0.0024 0.0016 0.0016 0.0006

θ3,T 0.0076 0.0021 0.0024 0.0017 0.0007 0.0005

θ1,2 0.0001 0.0021 0.0026 0.0017 0.0011 0.0006

θ1,3 0.0035 0.0018 0.0047 0.0016 0.0012 0.0006

θ2,3 0.0040 0.0019 0.0024 0.0017 0.0015 0.0006



Finite Sample Performance

Table 2: Performance of stage-wise estimation: Sample size = 1000

Correlation Low Medium High

Parameters Bias SE Bias SE Bias SE

β
(T )
0

= 4.50 0.0006 0.0007 0.0004 0.0007 0.0001 0.0007

β
(T )
1

= 0.25 0.0017 0.0011 0.0014 0.0010 0.0021 0.0011

β
(T )
2

= 0.05 0.0011 0.0005 0.0022 0.0005 0.0006 0.0005

σ(T ) = 2.00 0.0004 0.0015 0.0078 0.0014 0.0152 0.0018

α
(1)
0

= 5.00 0.0021 0.0003 0.0031 0.0003 0.0003 0.0003

α
(1)
1

= 2.50 0.0015 0.0005 0.0015 0.0004 0.0008 0.0004

α
(1)
2

= 0.50 0.0003 0.0002 0.0001 0.0002 0.0001 0.0002

ϕ(1) = 0.20 0.0010 0.0002 0.0013 0.0001 0.0012 0.0001

α
(2)
0

= 4.50 0.0003 0.0001 0.0013 0.0001 0.0002 0.0001

α
(2)
1

= 1.50 0.0000 0.0002 0.0002 0.0002 0.0003 0.0002

α
(2)
2

= 0.50 0.0003 0.0001 0.0006 0.0001 0.0000 0.0001

ϕ(2) = 0.10 0.0002 0.0001 0.0003 0.0001 0.0008 0.0001

α
(3)
0

= 6.00 0.0020 0.0002 0.0021 0.0002 0.0003 0.0002

α
(3)
1

= 2.00 0.0008 0.0003 0.0004 0.0003 0.0003 0.0003

α
(3)
2

= 0.50 0.0004 0.0002 0.0002 0.0001 0.0003 0.0001

ϕ(3) = 0.15 0.0002 0.0001 0.0004 0.0001 0.0012 0.0001

θ1,T 0.0093 0.0010 0.0057 0.0008 0.0031 0.0003

θ2,T 0.0060 0.0009 0.0061 0.0008 0.0025 0.0003

θ3,T 0.0065 0.0012 0.0045 0.0008 0.0028 0.0003

θ1,2 0.0015 0.0011 0.0023 0.0008 0.0017 0.0003

θ1,3 0.0006 0.0010 0.0015 0.0007 0.0020 0.0003

θ2,3 0.0009 0.0009 0.0024 0.0008 0.0017 0.0003





Dynamic Prediction

In the context of loss reserving, the objective is to predict the ultimate loss for each open claim as well as for

the entire portfolio.

▶ Point prediction

▶ Quantify uncertainty

Predictions rely on the conditional multivariate predictive distribution of Y
(1)
i , . . . ,Y

(k)
i ,Ti given

(Y
(1)
i > y

(1)
τ , . . . ,Y

(k)
i > y

(k)
τ ,Ti > τ, ;Xi ) :

Sτ (y1 + y
(1)
τ , . . . , yk + y

(k)
τ , t + τ |y (1)

τ , . . . , y
(k)
τ , τ ;Xi )

=
H̄(1− F1(y1 + y

(1)
τ |Xi ), . . . , 1− Fk (yk + y

(k)
τ |Xi ), 1− FT (t + τ |Xi ))

H̄(1− F1(y
(1)
τ |Xi ), . . . , 1− Fk (y

(k)
τ |Xi ), 1− FT (τ |Xi ))

▶ Predictive distribution can be derived (mathematically complex)

▶ Simulation-based algorithm to generate predictive loss distributions
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Dynamic Prediction

We summarize the procedure for generating realizations of (Y
(1)
i , . . . ,Y

(k)
i ,Ti ) from the predictive distribution

in the following algorithmic manner:

(1) Generate Ti = t + τ from distribution

S(t + τ |Y (1)
i > y

(1)
τ , . . . ,Y

(k)
i > y

(k)
τ ,Ti > τ ;Xi )

=
H̄(F̄1(y

(1)
τ |Xi ), . . . , F̄k (y

(k)
τ |Xi ), F̄T (t + τ |Xi ))

H̄(F̄1(y
(1)
τ |Xi ), . . . , F̄k (y

(k)
τ |Xi ), F̄T (τ |Xi ))

.

(2) Generate Y
(1)
i = y1 + y

(1)
τ given Ti = t + τ from distribution

S(y1 + y
(1)
τ |Y

(1)
i > y

(1)
τ , . . . ,Y

(k)
i > y

(k)
τ ,Ti = t + τ ;Xi )

=
∂T H̄(F̄1(y1 + y

(1)
τ |Xi ), F̄2(y

(2)
τ |Xi ) . . . , F̄k (y

(k)
τ |Xi ), F̄T (t + τ |Xi ))

∂T H̄(F̄1(y
(1)
τ |Xi ), . . . , F̄k (y

(k)
τ |Xi ), F̄T (t + τ |Xi ))

.

(3) For l = 1, generate Y
(l+1)
i = yl+1 + y

(l+1)
τ given Y

(1)
i = y1 + y

(1)
τ , . . . ,Y

(l)
i = yl + y

(l)
τ and Ti = t + τ

(4) Set l ← l + 1, go to step (3). Stop when l = k.
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Prediction Accuracy

▶ Portfolio of 2,500 simulated insurance claims

▶ Derive the predictive distributions of the outcomes of interest

Claim level

Portfolio level

▶ The probability integral transformation (PIT) is employed to assess the probabilistic calibration of the

predictive distribution.



Prediction Accuracy - Claim level

A well-calibrated predictive distribution would exhibit PITs conforming to a uniform distribution over [0, 1].
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▶ The results suggest that the predictive distribution are probabilistically calibrated.

▶ Replicated across various levels of dependence.



Prediction Accuracy - Portfolio level

▶ E�ect of the correlation between settlement time and loss amount.

▶ Consider two scenarios in the data generating process : ρTY ∈ {−0.5, 0.5}.
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Figure 1: Predictive distributions of portfolio losses under correct dependence and incorrect independence speci�cation

between settlement time and loss amount.

▶ Disregarding the correlation signi�cantly biases the predictions.



Prediction Accuracy - Portfolio level

▶ E�ect of the correlation among di�erent types of losses.

▶ Consider two dependence cases ρYY ∈ {−0.5, 0.5}.
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Figure 2: Predictive distributions of portfolio losses under correct dependence and incorrect independence speci�cation

among loss amount of di�erent coverage types.

▶ Minimal impact on the center of the predictive distribution : e�ect more pronounced in terms of reserving

uncertainty.





Application - Dataset

▶ Canadian portfolio from Ontario, Alberta, and the Atlantic provinces

▶ Between January 1st, 2015 and July 31st, 2021

▶ Imbalanced

Coverage Number Percentage

APD 215,971 38.33

LU 304 0.05

BI 6,260 1.11

(APD, LU) 307,460 54.57

(APD, BI) 11,110 1.97

(LU,BI) 12 0.002

(APD, LU,BI) 22,309 3.96

Total 563,426 100.00%

Spearman's ρ

YAPD YLU YBI T

K
en
d
a
ll
's

τ YAPD 1 0.5516 0.0722 0.4180

YLU 0.4112 1 0.0057 0.1322

YBI 0.0517 0.0042 1 0.6452

T 0.2982 0.0944 0.4838 1
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Application - Dataset

In the reserving context, actuaries are tasked with evaluating the outstanding liabilities as of the valuation date :

December 31st, 2016

▶ 161,156 claims reported by the valuation time

▶ 20,729 claims are still open by the valuation time

Table 3: Summary statistics of loss development since evaluation

Loss - APD Loss - LU Loss - BI Total

Num Of Claims 19,753 13,072 6,171 20,729

%CompDev (percentage) 97.31 97.31 90.37 96.96

TotalObsAmount (in CAD) 58,365,065 2,885,441 286,882,559 348,133,065



Application - Estimation

Loss - APD Loss - LU Loss - BI Settlement Time

Parameter GB II GB II GB II Weibull

β0 -1.5646 -0.2707 -1.5325 0.5620

βResp.(NotFault) 0.0028 -0.1330 -0.3292 0.2024

βResp.(PartlyFault) 0.0371 -0.2583 0.1963 0.3055

βResp.(NotApp.) 0.1042 0.0370 0.1847 0.0738

βProv.(Atlantic) 0.0464 -0.0261 -0.2469 -0.0243

βProv.(Ontario) 0.0293 0.0797 -0.5115 -0.0001

βUse(Pleasure) -0.0087 -0.0101 0.2485

log(σ) -4.5049 7.2740 8.9714 -1.3206

log(ν) 4.6028 0.4789 1.5717

log(τ) 2.2963 2.1408 2.5330

Parameter Estimate Parameter Estimate

θT ,YAPD
0.7515 θYAPD ,YLU

0.7640

θT ,YLU
0.7496 θYAPD ,YBI

0.7063

θT ,YBI
0.9035 θYLU ,YBI

0.7010



Results - Portfolio level
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Figure 3: Predictive distribution of outstanding payments. The �rst three represents the payments by coverage type, and

the last represents the total payments across all coverage types. The solid red line indicates the actual payments, and the

solid black line indicates the median of the predictive distribution.



Conclusion

In summary,

▶ Addressing a gap in the literature regarding individual loss reserving

▶ Challenges : imbalanced and censored observations

▶ Highly �exible : adaptable to diverse range of datasets



Conclusion

Key assumptions and Future work

▶ Focuses on reported but not settled (RBNS) claims, making it more suitable for business lines with

negligible reporting delays.

▶ Requires that all types of triggered coverage are known to the insurer once a claim is reported.

▶ Assumes that the cumulative paid losses of any claim increase between the valuation and settlement times,

implying no overall recovery.

▶ Modeling the time of the last payment by coverage jointly with the cumulative payments, instead of the

general claim settlement time (some types of coverage have longer settlement horizon).
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